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Abstract——Energy equity refers to the condition in which ac‐
cess to the cleaner energy required by individuals is equally 
available to all. To relieve the energy expenditures – the key 
component in the concept of energy equity–of low-income com‐
munities, governments worldwide have imposed caps on soaring 
energy prices. However, the inherent mechanisms within the op‐
erational schedule remain undiscussed. This paper innovatively 
provides guidelines for operators to embed energy burden poli‐
cies into the bulk power system model, by answering two criti‐
cal questions. ① What is the impact on system price pattern 
when embedding the locational price constraints? ② How to re‐
formulate the tie-line schedule to meet the equity thresholds? 
Consequently, a novel bi-level energy equity-constrained tie-line 
scheduling model is proposed. The conventional economic dis‐
patch is solved at the upper level, and then a preliminary opera‐
tional schedule is given to the lower level, where we propose an 
energy equity slackness component variable to evaluate the gap 
between preliminary and desired equity-satisfied operational 
schedules. The implicit constraints on the price are converted 
into explicit feasibility cuts with dual theory. Case studies on 
test systems demonstrate the reduced energy expenditure for un‐
derserved communities, and the optimal tie-line schedule is also 
validated.

Index Terms——Energy equity, energy price cap, tie-line sched‐
uling, feasibility cut, interconnected system.

NOMENCLATURE

A. Sets

ΩG Set of generators
ΩL Set of transmission lines
Ωw, ΩD Set of wind farms and loads
Φ, Θ Feasibility sets for upper-level and lower-level 

models

B. Parameters

a, c, B, C, G, Coefficient matrices of proposed model
J, H, L, K, M
b, d, g, h, f Right-term parameters of proposed model

ctie,t Price of tie-line energy at time t
cg Generation cost of generator g
ecthd Imposed threshold of energy cost
Fl Transmission limit of transmission lines
GSF Generation shift factor
Pmax

tie , Pmin
tie Upper and lower bounds of tie-line power flow

Pmax
g , Pmin

g Upper and lower output limits of generator g
Pdt Load of bus d at time t
ugt Status of generator g at time t
wmt Output of wind farm m at time t

C. Variables

ρmax
gt , ρmin

gt Dual variables of unit output constraints
λt Dual variable of system balance constraints
μmax

tl , μmin
tl Dual variables of power flow constraints

δ, ε, λ, μ, ρ, φ, Dual variables of proposed model in compact
π, σ, ζ notation

D Load vector
esnt Energy equity slackness component variable 

for bus n at time t
L Lagrangian function of economic dispatch 

(ED) problem

Mbig Sufficient big constant
Ptie,t Energy flow on tie-line at time t
Pgt Power output of generator g at time t
P, y Variables of proposed model in compact nota‐

tion
s Vector of energy equity slackness variable
z µmax

gt , z µmin
gt  Binary auxiliary variables under Karush-Kuhn-

z ρmax
gt , z ρmin

gt Tucker (KKT) conditions
z̄ρ, z̄µ Results of zρ and zµ from upper level
zρ, zµ Auxiliary binary variable vectors

I. INTRODUCTION

DURING the transition to lower-carbon energy sources, 
it is required that the benefits in the energy system 

through the intentional design of systems, technologies, pro‐
cedures, and policies are distributed in fairness and justice 
[1]. Therefore, the evolving social and policy climate has 
placed new explicit requirements to integrate energy equity 
and justice strategies [2]. In the U. S., families with annual 
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incomes below $52492 for two adults and two related chil‐
dren in 2020 are often classified as “low-income” [3], and 
60% of these low-income families (i.e., 15.4 million house‐
holds) spend more than 10% of the household’s income on 
energy bills [4]. Communities that often experience racial 
segregation, high unemployment rate, poor housing condi‐
tions, and barriers to accessing financing and investment are 
more likely to suffer from energy inequity issues [5].

Public participation and intervenor compensation are criti‐
cal energy equity tools. Appropriate metrics are also needed 
to track and evaluate the results of policies, regulations, and 
programs intended to deliver equitable outcomes [6]. As 
needed for successful energy equity initiatives, countries 
around the world have developed varying strategies support‐
ing the energy needs of low-income households [7]. In the 
U.S., the Weatherization Assistance Program (WAP) [8] aims 
to increase the energy efficiency of dwellings, and the Low-
income Home Energy Assistance Program (LIHEAP) pro‐
vides assistance with home energy bills [9], which has estab‐
lished a formula for distributing funds for both weatheriza‐
tion assistance and helping low-income households meet 
their immediate home energy needs. Since 2022, the French 
government has taken steps to keep energy costs down by 
limiting the increase of electricity prices within 4% [10]; the 
state-owned energy giant Electricité de France (EDF) will 
take an €8.4 billion (£7 billion) financial hit as a result of 
this decision. In Denmark, around 0.44 million low-income 
families were entitled to a tax-free cheque from the govern‐
ment to help them cover their costs in 2022 [11]. In the UK, 
the government has imposed a price cap on standard vari‐
able tariffs and default tariffs based on the estimated costs of 
supplying electricity and gas [12].

The above governmental programs made remarkable ef‐
forts in providing affordable and accessible cleaner energy 
equitably. While few of them have created an environment 
for the operators to consider the energy equity issues within 
the utility models [13], this is mainly because the traditional 
market structure may not have economic incentives to make 
equity-based investments. Therefore, it is critical for state 
regulators and utilities to establish the policy ecosystem to 
implement low-income energy programs  [14]. The ultimate 
goal is to convert the energy equity policies into technical 
constraints that can be implemented in the utility model. To 
some extent, the interventions on the traditional locational 
marginal prices (LMPs) are inevitable due to the enforced 
equity constraints. Our previous work [15] has made some 
explorations on novel planning models from a utility perspec‐
tive to embed the energy equity constraints. Note that the en‐
ergy equity considerations in utility regulation are advocated 
by various sectors in societies rather than purely driven by 
economics [6]; in other words, the interventions on the dis‐
patch models act as policy constraints, and the resultant nod‐
al price will not only signal the transmission constraints but 
the energy equity policy constraints as well. Furthermore, it 
is needed to evaluate indicators [16] for policies, regulations, 
and programs to bring the overall best outcomes on both 
cost and equity. For example, in [17], the total health bene‐
fits are adopted to evaluate the economic value of conven‐
tional plant replacement by energy storage. In 2021, the Ore‐

gon legislative session passed law HB 3141 to increase the 
funding for low-income weatherization and direct the setting 
of equity metrics for all funds invested by the Energy Trust 
of Oregon [18]. The intervenor funding for an equity pro‐
gram, such as the LIHEAP program introduced in [9], needs 
to be sufficient and reliable to provide meaningful cost re‐
duction for low-income households. Compared with the con‐
ventional utility model, the additional costs in the widely advo‐
cated equity programs are denoted as “social cost” in this pa‐
per, the sustainability of which is crucial because the energy 
equity issues are chronic for the holistic system [19].

For the aforementioned programs, the internal mecha‐
nisms of corresponding market models are significant to de‐
veloping energy equity-based technologies, procedures, and 
policies. Although the implications of traditional market 
models are modified by the novel mechanisms, we regard 
this as a “market mechanism extension” rather than “market 
distortion”. The developed model remains optimal within the 
proposed environment for novel market mechanisms. Enti‐
ties conventionally participate in day-ahead [20], [21] and re‐
al-time markets [22], [23]. Within more flexible and reliable 
electricity markets [24], [25], novel pricing methods [26], 
[27] are developed as supplementation to the LMPs to ac‐
commodate the advanced demand response and environmen‐
tal-friendly policy. In terms of price intervention studies, it 
is recommended in [28] that, compared with revenue caps, 
the price cap regulation is more desirable, especially in de‐
veloping economies that often experience substantial infla‐
tionary pressures. The price cap is claimed as one of the reg‐
ulatory tools [29], as policymakers have always created in‐
centives for adequate investment in electricity generation, 
yet low, non-volatile prices are also required. Reference [30] 
compares two alternative mechanisms for capping prices in 
two-settlement electricity markets. The regulatory interven‐
tion to the spot prices is one of the approaches; it is conclud‐
ed that a forward cap increases the firms’  incentives for for‐
ward contracting, whereas a spot cap reduces such incen‐
tives. The theory and practice of price cap regulation for util‐
ities are assessed in [31], and the regulatory commitment is 
significant in promoting long-term investment incentives. A 
pure price cap is optimal when the interests of both producer 
and consumer are equally weighted, while the promotions for 
the spot investments remain concerns. Note that in the above 
research work, incentive mechanisms and market models are 
developed under economic orientation, which means that the 
recently advocated energy equity concerns are still expected in 
a novel utility model from the policy perspective. This is also 
one of the critical motivations and research gaps in this paper.

Further, in interconnected systems, the tie-line schedule 
significantly impacts the prices of each system, and conse‐
quently, impacts the consumer payment and energy burden 
of each community in the entire interconnected system. 
Therefore, interchange trading in interconnected systems 
[32], [33] is also focused on in this paper. Works have been 
made to solve the joint dispatch problem in a distributed 
fashion, focusing on primal [34] and dual decomposition 
methods [35]. To account for the cost of losses and avoid tie-
line flow with zero price difference, the loss factors are intro‐
duced in [36] when clearing the nodal and zonal pricing mar‐
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kets. Interchange flow is also cleared in ancillary service 
markets [37], wherein new incentive mechanisms [38] are 
proposed to elicit truthful bids from profit-maximizing units. 
In interconnected systems, each independent system operator 
(ISO) does not have access to the full operational informa‐
tion [39] of another balancing area (BA), thus distributed al‐
gorithms are adopted to solve the global problem in decen‐
tralized manners [40], [41].

According to the aforementioned introduction, the opera‐
tors from the areas with energy equity issues (e.g., higher en‐
ergy burdens) are expecting the designs and implementations 
of specific equity-concerned policies. However, in multi-area 
systems, the price information is determined by operational 
details which are preserved by local ISOs [42]. As a result, 
the critical research gaps lie in how to build novel trading 
models for tie-line schedules in interconnected systems, to 
achieve the desired price pattern when accommodating the 
energy equity requirements. Note that the system operators 
ensure grid reliability and stability, and market operators em‐
bed these requirements as constraints. Therefore, in this pa‐
per, the market operators conduct most of the activities.

To fill the research gaps discussed above, a novel tie-line 
scheduling model is proposed that provides guidelines to 
market operators for the scheduling strategy and subsidy pol‐
icy needed when enforcing the energy equity policies. At the 
upper level of the proposed model, the conventional econom‐
ic dispatch (ED) problem is solved, and then the preliminary 
operational schedule is given to the lower-level model. At 
the lower level, an energy equity slackness component 
(EESC) variable is proposed, which can evaluate the typical 
characteristics of the gap between the given operational 
schedule and the desired schedule that meets the energy equi‐
ty constraints. Subsequently, the duality theorem is adopted 
to solve the lower-level model, wherein the implicit social-
driven locational price constraints are converted into explicit 
feasibility cuts, which are sent back to the upper level to iter‐
atively prune the infeasible region of the model. To further 
integrate the features of the subsidy policy into the energy 
equity-constrained market, the feasibility cuts are modified 
as improved optimality cuts, and thereby the model conver‐
gence is accelerated. The proposed bi-level tie-line scheduling 
model provides guidelines to the market operators for how to 
reformulate operational schedules to achieve the desired sys‐
tem energy price pattern, as well as how to achieve the expect‐
ed subsidy policy when operational flexibilities are exhausted.

The main contributions of this paper are summarized as 
follows.

1) A novel bi-level energy equity-constrained tie-line 
scheduling model for interconnected systems is proposed to 
embed the energy burden constraints. The model innovative‐
ly reveals the inherent mechanism for reformulating tie-line 
schedules to achieve the desired energy price pattern follow‐
ing the requirements of energy equity policies.

2) In the proposed model, an EESC variable is proposed 
to relax the lower-level model and also to evaluate the typi‐
cal characteristics of the gap between the preliminary and 
the desired energy equity-satisfied operational schedules.

3) The duality theorem is adopted to convert the implicit 
social-driven cost constraints into explicit feasibility cuts, 

which are further modified as improved optimality cuts 
when considering the features of subsidy policy, and conse‐
quently accelerate the convergence of the model.

The rest of this paper is organized as follows. Section II 
presents the energy equity-constrained ED problem, and vali‐
dates the implicit traits of the energy equity constraints. Sec‐
tion III introduces the proposed bi-level energy equity-con‐
strained tie-line scheduling model. Section IV discusses the 
solution methodology. Section V gives the computational re‐
sults. And Section VI presents the concluding remarks.

II. ENERGY EQUITY-CONSTRAINED ED PROBLEM

In this paper, we aim to implement the energy expenditure 
threshold for low-income communities, acting as price cap 
constraints into the conventional ED problem. The diagram 
of a two-area interconnected system is adopted. As shown in 
Fig. 1, area A (sending-end) and area B (receiving-end) are 
operated independently. It is assumed that the energy inequi‐
ty problems occur in the receiving-end (denoted as R-end 
hereafter), as a result, in this paper, we mainly focus on the 
methods that embed the energy expenditure constraints into 
the ED problem of R-end.

In the two-area interconnected system, the sending-end 
(denoted as S-end hereafter) sends the tie-line price signal to 
the R-end, and the R-end puts the price into the ED prob‐
lem, and then returns the purchase plan to the S-end. The 
ED problem of R-end with energy expenditure constraints 
(price caps) is presented as follows.

min ( )∑
t

ctiet Ptiet +∑
t
∑

gÎΩG

cg Pgt (1)

s.t.
ugt P

min
g £Pgt £ ugt P

max
g     "g"t (2)

P min
tie £Ptiet £P max

tie     "t (3)

Ptiet + ∑
mÎΩw

wmt + ∑
gÎΩG

Pgt = ∑
dÎΩD

Pdt    "t (4)

-Fl £GSFtie - l ×Ptiet + ∑
gÎΩG

GSFg - l ×Pgt + ∑
mÎΩw

GSFm - l ×wmt -

∑
dÎΩD

GSFd - l ×Pdt £Fl    "t"lÎΩL (5)

∑
t
[ ]-λt +GSFneb - l × ( )μmin

tl - μmax
tl P

d ( )neb t
£ ecthd

(6)

In the objective function (1), the first term is the tie-line 
energy importing cost, and the second term is the generation 
cost. Constraint (2) gives the upper and lower output limits 
of generators. In this paper, we assume that the commitment 
decision of the generators is given priority, then the status ugt 
denotes the parameters in this model. But note that the pro‐
posed model is scalable to solve the unit commitment (UC) 

A B

Receiving-end

Energy

Price signal

Purchase plan

Sending-end

Fig. 1.　Diagram of a two-area interconnected system.
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problem. Constraint (3) gives the transmission limits of the 
tie-line. In the proposed model, we assume that there is only 
one tie-line connecting the two areas, but it is easy to ex‐
pand to multiple tie-lines. Equation (4) gives the system en‐
ergy balance constraints. For clarity, the uncertainty of re‐
newable energy sources (represented by wmt in this paper) is 
not considered, but we plan to study this in subsequent 
works using robust or stochastic methods. Constraint (5) 
gives the DC power flow model, wherein GSF describes the 
sensitivities of line flow with respect to node injection, e.g., 
GSFg - l is the sensitivity of line l with respect to the power 
injection of generator g; and neb is the index of node with en‐
ergy burden. And constraint (6) is the energy expenditure 
threshold, of which the first term is the expression of the 
LMP, the second term P

d ( )neb t
 is the load of the low-income 

bus, and the given energy cost threshold is denoted as ecthd. 
Note that in (6), the LMP expression comes from the La‐
grangian multipliers λ and μ, which are the dual variables of 
the original ED problem (1) - (5). According to the duality 
theorem, the dual variables are unique if the original ED 
problem (1) - (5) is determined. Consequently, the feasibility 
of the energy expenditure-constrained ED problem (1) - (6) 
can not be ensured. In this case, we propose a novel bi-level 
energy equity-constrained tie-line scheduling model, aiming 
to adjust the imported price ctie by strategically making tie-
line purchase plan Ptie.

III. BI-LEVEL ENERGY EQUITY-CONSTRAINED TIE-LINE 
SCHEDULING MODEL 

According to the illustration in Section II, the LMPs are de‐
termined by the conventional ED problem. Therefore, the re‐
quirements for Ptie should be explored to ensure the model fea‐
sibility after embedding the energy cost threshold constraints.

A. Description of Proposed Model

A novel bi-level energy equity-constrained tie-line schedul‐
ing model is proposed in this subsection. The desired price 
pattern is approached by iteratively reformulating the tie-line 
schedule in a bi-level structure, i. e., the novel ED problem 
enforces the social-driven energy cost constraints in a hierar‐
chical way. The model is reformulated in (1) - (6), with the 
objective in (1) and constraints in (2)-(5) and (7)-(16).

PtietÎΦ (7)

Φ: =
ì
í
î

ü
ý
þ

Ptiet

|

|

|
||
|

min
Pgesλμρzρzμ

∑
t

esnebt = 0 (8)

∑
t
[ ]-λt +GSFneb - l × ( )μmin

tl - μmax
tl - esnebt P

d ( )neb t
£ ecthd

(9)

0 £ esnebt £-λt +GSFneb - l × ( μmin
tl - μmax

tl ) (10)

λμÎΘ (11)

Θ: = { }(2) (4) (5) (13)-(16) (12)

ì
í
î

ïï

ïïïï

ρmax
gt £Mbig z ρmax

gt

Mbig( z ρmax
gt - 1) £Pgt - ugt P

max
g

(13)

ì
í
î

ïï

ïïïï

ρmin
gt £Mbig z ρmin

gt

Mbig( )z ρmin
gt - 1 £ ugt P

min
g -Pgt

(14)

ì

í

î

ï
ïï
ï
ï
ï

ï

ï
ïï
ï

ï

μmax
tl £Mbig z μmax

gt

Mbig( z μmax
gt - 1) £GSFtie - l ×Ptiet + ∑

gÎΩG

GSFg - l ×Pgt +

          ∑
mÎΩw

GSFm - l ×wmt - ∑
dÎΩD

GSFd - l ×Pdt -Fl

(15)

¶L
¶Pg

=∑
t
∑

gÎΩG

cgt +∑
t
∑

gÎΩG

( )ρmax
gt - ρmin

gt +

∑
t

λt +∑
t
∑
lÎΩL

( )μmax
tl - μmin

tl ×GSFg - l = 0 (16)

Based on the preceding discussion, the market operator at 
the R-end strategically submits the purchase plan of tie-line 
energy to the S-end, to regulate the local price pattern. 
Therefore, in (7), the tie-line energy Ptie,t should belong to a 
feasibility set Φ, which is depicted by (8)- (16). This set it‐
self, also has objective function and constraints that are mod‐
eled with given Ptiet. In (9), we propose an EESC variable 
esnt to evaluate the gap between the existing operational 
schedule and the target operational schedule, which is sub‐
ject to the mandatory energy cost threshold ecthd. Ultimately, 
this gap between the existing and desired schedules, e.g., the 
slack variable esnt, should be tuned down to 0, as illustrated 
by objective function (8), if the energy cost threshold is vio‐
lated initially. The EESC variable is bounded by (10), indi‐
cating that the slack variables should not exceed the nodal 
LMP. Note that the LMPs are expressed by dual variables λ 
and μ, and therefore, the dual variables also belong to a fea‐
sibility set Θ, which denotes the complete Karush-Kuhn-
Tucker (KKT) conditions of the model (1)-(5). Equation (12) 
gives the primal feasibility conditions; (13)-(15) are the lin‐
earized complementarity slackness conditions using big-M 
methods, where ρ, λ, and µ are the dual variables of con‐
straints (2), (4), and (5), respectively; and (16) is the station‐
arity constraint.

In conclusion, the proposed model consists of two layers. 
At the upper level, the model (1)-(5) solves the classical ED 
problem; and at the lower level, the model (7)-(15) first pro‐
poses an EESC variable to create a relaxed structure, and 
consequently, the typical characteristics of the gap between 
the existing operational schedule to the energy equity-con‐
strained operational schedule are evaluated. Based on this bi-
level model, we provide guidelines for formulating the opera‐
tional schedule when the market operator is required to com‐
ply with the energy equity policy. This EESC-based relaxed 
model is essentially a distributed solution to the tie-line 
scheduling at the R-end, and of course, the S-end also needs 
to perform a regular ED each time, iteratively in accordance 
with the R-end.

B. Compact Formation of Proposed Model

After introducing the details of the proposed model, the 
corresponding compact model in vector form is given in this 
subsection for the convenience of discussing the solution 
methodology. It is important to note that we have ignored 
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time stamps in the vector model because all the constraints 
are satisfied in every time slot, except the energy equity con‐
straint (24), which is the constraint to the summation of dai‐
ly energy cost.

min
yP

( )aT y + cT P (17)

s.t.

BP £ d    ( )ρ (18)

Cy £ g (19)

y + 1T P = 1T D    ( )λ (20)

Gy + JP +HD £ f    ( )μ (21)

yÎΦ (22)

Φ: = {y
|
|
|||| min
λμs

1Ts = 0 s.t. (24)-(30)} (23)

( )λT  1T + μT H + sT D £ ecthd (24)

Ls £ h (25)

λμÎΘ (26)

Θ: = {(18) (20) (21) (28)-(30)} (27)

BP +Kρ ρ +Mρzρ £ bρ (28)

Gy + JP +Kμ μ +Mμzμ £ bμ (29)

cT + ρT B + λT1T + μT J = 0 (30)

In the objective function (17), y is the vector of the tie-
line energy variables. Constraint (18) is related to (2), where‐
in d is the right-side term after the rearrangement. Constraint 
(19) comes from the tie-line energy capacity limits given by 
(3). Constraint (20) is the energy balance constraint extract‐
ed from (4), where 1 is the column vector, and is regulated 
as 1n = [ ]111 În, and D is the vector of load with the 
consideration of renewable energy compensation (equivalent 
to a negative load). Constraint (21) is related to power flow 
constraints. Constraints (24) and (25) denote the constraints 
for the EESC variable derived from (9) and (10), wherein 
the notation “” is the Hadamard product. Constraint (26) in‐
dicates that the LMP variables are determined by Θ. Con‐
straint (27) gives the primal feasibility conditions. Con‐
straints (28) and (29) represent the complementarity slack‐
ness conditions. K, M, and b are the coefficients after rear‐
ranging constraints (13) - (15). And (30) is derived from the 
stationarity constraints given in (16).

IV. SOLUTION METHODOLOGY 

A. Duality Theorem and Feasibility Cuts

In order to solve the bi-level model presented by (17)-(30) 
in Section III, we partition it into a master problem and a 
sub-problem. The master problem overlaps completely with 
the aforementioned upper-level model (17)-(22) with the ex‐
ception that (22) is replaced by the proposed feasibility cuts, 
which are produced after solving the sub-problem based on 
the duality theorem. The detailed diagram of the solution al‐

gorithm is given in Section IV-C after the solution methodol‐
ogy is introduced.
1)　Sub-problem

The sub-problem, denoted as S in this part, inherits the 
structure of the lower-level model (23)-(30), with the follow‐
ing modifications: ① the vector y is regarded as a right-side 
term to indicate the given purchased tie-line energy capacity; 
② constraint (23) is relaxed to the objective function (31) 
by neglecting the “equals-to-0” requirement, but this feasibil‐
ity will be ensured by the proposed feasibility cuts after‐
ward; ③ the feasible set Θ is constructed to depict the feasi‐
ble region determined by LMP variables, in which the con‐
straints can be supplemented directly to the outer sub-prob‐
lem. Hence, the sub-problem is first formulated as problem 
S in (31) and (32).

min
Pρλμs

S = 1Ts (31)

s.t.

ì

í

î

ï

ï

ï

ï
ïïï
ï

ï

ï

ï

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

( )λT  1T + μT H + sT D £ ecthd

Ls £ h
BP £ d
1T P = 1T D - y

JP £ f -HD -Gy

BP +Kρ ρ +Mρzρ £ bρ

JP +Kμ μ +Mμzμ £ bμ -Gy

 cT + ρT B + λT1T + μT J = 0

(32)

Sub-problem S is formulated as a mixed-integer linear pro‐
gramming (MILP) problem, and algorithms such as Benders 
decomposition [43] and column-and-constraint generation 
(C&CG) [44] can be directly applied to solve it. However, S 
is a relaxed problem because it neglects the constraint 
1Ts = 0 in (23). In other words, if the objective value of the 
solution is larger than 0, the original lower-level model is in‐
feasible. Therefore, in this part, we propose feasibility cuts 
based on the duality theorem to prune the undesired feasible 
region in the master problem as follows. After obtaining the 
results of binary variables zρ and zµ, we substitute them back 
into problem S, thereby reformulating S as a linear program 
(LP) problem, which we will refer to as S′.

min
Pρλμs

S' = 1Ts (33)

s.t.

ì

í

î

ï

ï

ï

ï

ï
ïï
ï

ï

ï

ï

ï

ï

ï

ï

ï

ï
ïï
ï
ï

ï

ï

ï

( )λT  1T + μT H + sT D £ ecthd    ( )δ
Ls £ h    ( )ε
BP £ d    ( )φ
1T P = 1T D - y    ( )γ
JP £ f -HD -Gy    ( )η
BP +Kρ ρ £ bρ -Mρ z̄ρ    ( )π
JP +Kμ μ £ bμ -Gy -Mμ z̄μ    ( )σ
cT + ρT B + λT1T + μT J = 0    ( )ζ

(34)

The preceding introduction to the lower level of the pro‐
posed model demonstrates its responsibility for evaluating 
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the typical characteristics of the energy burden violation 
based on the given operational schedule. In the solution 
methodology, this violation is illustrated by the EESC vari‐
able s and is thereby regulated to be 0. Consequently, we ob‐
tain the dual problem of S′ , denoted as R in (35) and (36), 
and the duality theorem is adopted to evaluate the desired ad‐
justments to the operational schedule because of the energy 
burden violation.

max
δεφγηπσζ

R = ecthd × δ + hTε + d Tφ + (1T D - y ) T
γ +

( f -HD -Gy ) T
η + (bρ -Mρ z̄ρ ) T

π +

(bμ -Gy -Mμ z̄μ ) T

σ (35)

s.t.

ì

í

î

ï

ï
ïï
ï

ï

ï

ï
ïïï
ï

ï

ï

BT( )φ + π + 1  γ + J T( )η + σ = 0

K T
ρ π +Bζ = 0

Dδ + ζ = 0

Hδ +K T
μ σ + Jζ = 0

Dδ +LTε = 1T

(36)

As problem S′ is an LP, the solved objective value of pri‐
mal problem S′ equals that of the dual problem R under 
strong duality. In simpler terms, when the sub-problem is in‐
feasible (1Ts > 0), it is equivalent to the objective value of a 
dual problem (35), i.e., larger than 0. If we denote Rk as the 
optimal solution of problem R in the kth iteration, based on 
the previous discussion on infeasibility, it could be conclud‐
ed that Rk > 0 corresponds to the feasible region in the mas‐
ter problem that would cause the infeasibility of sub-prob‐
lems (31) and (32). Conversely, the constraint Rk £ 0 is able 
to cut off the related feasible region. The same can be illus‐
trated from the model perspective: when the solved optimal 
purchased tie-line energy is given from the master problem 
to the sub-problem, the threshold of the energy cost will be 
exceeded. Consequently, in the kth iteration, a feasibility cut 
(37) is proposed to gradually prune the feasible region in the 
master problem for the purpose of ensuring the feasibility of 
the sub-problem in the next iteration.

Rk = ecthd × δk + hTεk + d Tφk + (1T D - y ) T
γk +

( f -HD -Gy ) T
ηk + (bρ -Mρ z̄ρ ) T

πk +

(bμ -Gy -Mμ z̄μ ) T

σk £ 0 (37)

2)　Master Problem
With the supplement of the feasibility cuts, the master 

problem in the kth iteration is constructed, with objective 
function in (17) and constraints as (18)-(21) and (38).

ecthd × δl + hTεl + d Tφl + (1T D - y ) T
γl +

( f -HD -Gy ) T
ηl + (bρ -Mρ z̄ρ ) T

πl +

(bμ -Gy -Mμ z̄μ ) T

σ l £ 0     "l £ k (38)

It is worth noting that (38) is a set of explicit constraints of 
vector y, i.e., the proposed feasibility cuts convert the implicit 
energy equity constraints into the explicit supplementary con‐

straints of the tie-line energy purchase plan. By leveraging the 
proposed EESC variable, the social-driven locational price 
constraints are relaxed, and the typical violation characteristics 
in the sub-problem are obtained based on the duality theorem.

B. Subsidy Policy and Convergence Acceleration

Up to this point, we have introduced the tie-line schedul‐
ing solution when the requirements from energy equity poli‐
cies are given to the market operators. However, the opera‐
tional schedule may vary when given different energy cost 
thresholds, and the model may even be infeasible if the ener‐
gy burden threshold is too tight. Hence, in this subsection, 
we further formulate the subsidy policy guidelines for the 
proposed tie-line scheduling model by necessary modifica‐
tions. For the constraint (9) in the sub-problem, if we ex‐
pand the sum within the parentheses, the second term ∑esnebt ×Pd ( )neb t

 will be the production of the EBSC variable 

and the nodal load capacity. As the EBSC variable is sup‐
posed to be the slack LMP for the energy burden-suffering 
node, this production happens to equal the potential subsi‐
dies that the market operator must provide to the users, 
when the given operational schedule is not able to meet the 
energy equity requirement. Therefore, the original objective 
function of sub-problem (31) is consistent with minimizing 
the subsidy DTs, as D is considered inelastic in the proposed 
model. Note that in the objective function (17) of the master 
problem, the cost of the subsidy has not been considered; 
therefore, the subsidy variable αÎ1 ´ 1 is added to the objec‐
tive function, and (17) is modified as (39).

min
yPα

( )aT y + cT P + α (39)

According to the conclusions in [45] and [46], optimality 
cuts are more effective than feasibility cuts in the iteration. 
Therefore, based on the theory of Benders decomposition 
and C&CG algorithms [43], [44], we develop the optimality 
cuts (40) by modifying feasibility cuts (38).

α ³ ecthd × δl + hTεl + d Tφl + (1T D - y ) T
γl +

( f -HD -Gy ) T
ηl + (bρ -Mρ z̄ρ ) T

πl +

(bμ -Gy -Mμ z̄μ ) T

σ l     "l £ k (40)

( )ykPkαk  is the current solution of the master problem, 
and the consequent objective solution of the sub-problem 
given yk is denoted as sk. If αk <DTsk, then in each iteration, 
we repeatedly add (40) into the master problem to cut off 
the feasible region that corresponds to the solu‐
tion ( )ykPkαk .

C. Algorithm of Solution Methodology

In conclusion, the algorithm for solving the proposed mod‐
el with subsidy policy is shown in Algorithm 1.

The bi-level structure of the proposed model is also illus‐
trated in Fig. 2, where the upper level sends the tie-line ener‐
gy variables to the lower level, and all the dual variables are 
sent from the lower level to formulate the feasibility cuts.

Due to space limitations and for clarity, some details of 
the model and solution methodology have not been illustrat‐
ed, and we acknowledge these details in this subsection.
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D. Additional Remarks

1) In the modified objective function (39), it is notewor‐
thy that the subsidy term has the same unit with operational 
cost as “ $ ”, so there is no need to assign a weight coeffi‐
cient for α and thus no optimality gap will be introduced in 
the proposed model.

2) After solving the proposed model with the solution 
methodology, the market operator of the R-end submits the 
current energy purchase plan to the S-end. Then, the S-end 
will update the offering price based on its own supply curve, 
and the R-end will develop the tie-line schedule iteratively 
until the multi-area market is cleared. In the proposed mod‐
el, we adopt the classical alternating direction method of 
multipliers (ADMM) [47], which is not specified in the 
mathematical model for simplicity. According to the widely 
studied distributed algorithms, the method is scalable for cir‐
cumstances with multiple R-ends.

3) For the cost function of generators in (1), we adopt the 
simplified form of the linear function. Nevertheless, when 

concentrating on the distributed clearing market, to enhance 
the convergence of the regional market clearing process, qua‐
dratic economic function (with piece-wise-linear technology 
employed) is introduced in some models to ensure that the 
supply curves of both market participants are sloping. There 
are also many other equivalent and tighter convex forms for 
the cost function and the constraints in the UC and ED prob‐
lems. Please refer to [48] and [49] for more details.

4) In the numerical simulation section (Section V), to fur‐
ther facilitate the iteration efficiency, we also make modifica‐
tions to the market information submitted by both partici‐
pants in (41), wherein subscript i is the iteration index be‐
tween S-end and R-end when clearing the distributed market 
(be sure to distinguish from the tie-line scheduling iteration 
within the R-end). Correction coefficients τp and τ c vary 
from [ ]0 1  to modify aT and the purchase plan y, respective‐
ly.

ì
í
î

ïï

ïï

yi + 1 = ( )yi + 1 - yi τ
p

ai + 1 = ( )ai + 1 - a i τ
c

(41)

5) Considering that we are focusing on the constraints for 
locational price in the systems, it should be noted that the 
negative nodal price may occur in some extreme circum‐
stances, especially when renewable energy generators partici‐
pate in bidding. However, in the proposed model, we focus 
on the total energy cost of certain buses, and the negative 
prices are unlikely to occur at load buses.

6) The uncertainties of renewable energy resources are not 
specifically considered in this paper because we want to sa‐
lient the inter-area trading mechanism with energy equity 
constraints. However, it is easy to enforce them with robust 
or stochastic methods, which are also parts of our future 
works.

V. COMPUTATIONAL RESULTS

In the simulation, we first apply the proposed model and 
solution methodology to the smaller test systems consisting 
of two and three Pennsylvania-New Jersey-Maryland (PJM) 
5-bus systems, then adopt the larger Northeast Power Coordi‐
nating Council (NPCC) test system to validate the effective‐
ness of the proposed tie-line scheduling model with energy 
equity constraints.

A. Two PJM 5-bus Interconnected Test System

The test system in this subsection, as shown in Fig. 3, 
consists of two PJM 5-bus systems, wherein Bus C of the S-
end and Bus B of the R-end are connected by a 400 MW tie-
line with 0.01 p. u. reactance, and in Bus A, the generator 
Park City is aggregated into Alta. The detailed economic da‐
ta of both the generator and the network are taken from 
[50]. Consistent with the aforementioned presupposition, the 
energy equity policies are implemented on the R-end, where‐
in Bus C is assumed to be the aggregated node of low-in‐
come communities. Hence, the market operator in the R-end 
(Operator-R) will iteratively reformulate the daily tie-line en‐
ergy purchase plan to obtain the desired system price pattern 
for the purpose of ensuring the energy expenditure of Bus C 
is within the given threshold. In Fig. 3, Operator-S repre‐

Algorithm 1: duality theorem-based algorithm with improved feasibility 
cuts

1

2

3

4

5

6

7

8

9

10

Set the iteration index k = 1, energy burden constraint threshold ebthd, 
and convergence criterion ϵ. Initialize the tie-line energy purchase 
plan yk and operational schedule Pk, receive the S-end asking price 
of tie-line energy aT, and set the initial subsidy αk = 0

Set the upper bound of the proposed model as UB =+¥, and lower 
bound as LB = aT yk + cT Pk + αk

Repeat

Solve the sub-problem S ( )min 1Ts  (31) with the constraints (32), and 
obtain the optimal solution sk. Update UB = aT yk + cT Pk +DTsk

By fixing the outcoming results of binary variables zρ and zµ, the 
problem S is transformed into LP problem S′ in (33) and (34)

Based on strong duality, convert the LP problem S′ to its dual form R 
in (35) and (36), solve the problem R, and obtain the solution in 
the kth iteration: ( )δkεkφkγkηkπkσkζk

Solve the master problem min ( )aT y + cT P + α  in (39), subjected to 
constraints (18) - (21), and add the additional improved feasibility 
cut (40)

Obtain the solution, denoted as ( )yk + 1Pk + 1αk + 1 , and update LB =
aT yk + 1 + cT Pk + 1 + αk + 1

k = k + 1 

Until |UB - LB| < ϵ, then submit the tie-line energy purchase plan y to 
the S-end

obj: obj:min (aTy+cTP+α)

BP≤d
Cy≤g

y, P, α

s.t. s.t.

Operation constraints:

Feasibility cuts:

α≥ecthd  δl+h
Tεl+d

Tφl+(1TD�y)Tγl+

   (f�HD�Gy)Tηl+(bρ�Mρzρ)
Tπl+

   (bμ�Gy�Mμzμ)
Tσl      "l≤k

Upper level Lower level

min    S'=1Ts
P, ρ, λ, μ, s

(λT  1T+μTH+sT)D≤ecthd

cT+ρTB+λT  1T+μTJ=0 (ζ)

Ls≤h (ε)

BP≤d (φ)

1TP=1T�y (γ)

JP≤f�HD�Gy (η)

JP+Kμμ≤bμ�Gy�Mμzμ (η)

BP+Kρρ≤bρ�Mρzρ (π)

Energy cost constraints:

Tie-line 

energy: y

Dual 

variables:

ε,φ,γ,η,π,σ

KKT condition:

b

b

. 

Fig. 2.　Schematic diagram of bi-level structure of proposed model.
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sents the market operation in the S-end.
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Fig. 3.　Diagram of two PJM 5-bus test systems.

The operational horizon is set to be 24 hours with a one-
hour resolution. After applying the proposed model and the 

solution methodology, the operational results under different 
required energy cost thresholds (ecthd) are shown in Table I. 
Note that when ecthd is $45000, the energy cost constraints 
are all unbinding in the model, indicating that the cases with 
ecthd act as the benchmarks. In Table I, the S-end cost is the 
total cost of the sending area (tie-line export revenue sub‐
tracted from operation cost); the total cost is the cost of en‐
tire interconnected systems; the social cost is the incremental 
cost of our proposed operational scheme to the conventional 
economic-driven model; S-end generation and R-end genera‐
tion are the total generation capacities within the operational 
horizon for S- and R-ends, respectively; and the exchange is 
the exchanging capacity on the tie-line.

With more intensified ecthd from $45000 to $37000, the 
proposed tie-line schedule at the R-end gradually purchases 
more import tie-line energy from the S-end to reduce the lo‐
cal energy price, and consequently, the import cost increases 
from $45875 to $70468. Although the operational cost of the 
generation units is reduced from $66412 to $48284 accord‐
ingly, the total cost to the R-end is higher because of the 
stricter energy cost threshold requirement. When the thresh‐
old ecthd is as low as $39000, the market operator has to pro‐
vide a subsidy to the concentrated community to limit the 
daily household energy expenditures within the social-driven 
cost constraints. It should also be noted that for the S-end, 
the ED cost (S-end cost plus trading revenue) also increases 
from $111540 to $131560 due to the larger energy demand 
at the R-end. We can therefore conclude that the S-end also 
contributes partly to the implementation of the energy equity 
requirements, while still ensuring information privacy, as it 
only requires the exchange of boundary information. When 
ecthd is set as $45000, the social-driven locational cost con‐
straints will not make any additional impact on the operation‐
al schedule, i. e., the constraints are unbinding to the prob‐
lem. Conversely, if the threshold ecthd is lower than $37000, 

purely adjusting the energy purchase plan and operational 
schedule will make no difference to the nodal energy prices, 
and a higher subsidy is the only effective solution to imple‐
ment the energy equity policy.

For a more specific illustration, the cleared tie-line energy 
purchase plan and cleared price are shown in Table II, which 
reveals that with stricter energy equity constraints, even 
when the cleared price of tie-line energy is growing, the en‐
ergy price of bus neb may still decrease under our proposed 
tie-line schedule. We also compare the system-wide daily to‐
tal energy expenditure in Table II to evaluate the social wel‐
fare acquired by the proposed model. As illustrated, the total 
energy expenditure at the S-end is lower than that at the R-
end in the benchmark case (ecthd of $45000). When the ener‐
gy burden constraints at the R-end get tighter, the total ener‐
gy expenditure at the R-end gets lower and reversely at the 
S-end. The total energy expenditure of the two-area system 
keeps decreasing till the energy cost constraints are saturat‐
ed. As a result, the proposed model relieves the total energy 
expenditure of the users in the interconnected system, and 
thereby enhances the system-wide social welfare.

TABLE I
ECONOMIC RESULTS OF OPERATIONAL SCHEDULES UNDER DIFFERENT ENERGY COST THRESHOLDS

ecthd ($)

45000

43000

41000

39000

37000

S-end cost 
($)

65665

64393

62219

61092

61092

R-end cost ($)

Operation

66412

59932

52133

48284

48284

Tie-line import

45875

53907

64761

70468

70468

Subsidy

0

0

0

706

2707

Total cost ($)

177952

178232

179113

180550

182551

Social cost 
($)

280

1161

2598

4599

S-end generation 
(MWh)

10365

10782

11307

11606

11606

R-end generation 
(MWh)

6059

5654

5119

4809

4809

Exchange 
(MWh)

2853

3258

3792

4103

4103

TABLE II
CLEARED TIE-LINE ENERGY PURCHASE PLAN, CLEARED PRICES, AND SOCIAL WELFARE

ecthd ($)

45000

43000

41000

39000

37000

Tie-line energy (MW)

149.48

151.28

186.47

215.38

215.38

Cleared price ($/MW)

11.14

11.76

12.09

12.39

12.39

LMP of bus nec ($/MW)

11.14

11.11

10.50

9.99

9.99

S-end expense (103 $)

134.0

137.1

141.4

143.2

143.2

R-end expense (103 $)

149.2

143.3

136.3

132.3

132.3

Total energy 
expenditure (103 $)

283.2

280.4

277.7

275.5

275.5
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The iteration between the areas is explained by the updat‐
ed supply curves of the R-end, as shown in Fig. 4. Accord‐
ing to the gradually added optimality cuts introduced by 
(40), the structure of the ED problem for the R-end varies in 
each iteration, as shown in Fig. 4(a), wherein R( )i  is the sup‐
ply curve in the ith information exchange between the S-end 
and R-end. Therefore, the model is more flexible compared 
with the fixed supply curve, though of course, with a heavi‐
er computational burden. Further, the detailed curves for the 
R-end when ecthd is $41000 are represented in Fig. 4(b), 
wherein the S-end supply curve is omitted for clarity. Differ‐
ent colors of the curves represent different iterations. The 
spots and the trajectory in the figure are the iteratively evolv‐
ing solutions to the problem, and ultimately, spot P is the op‐
timal solution with tie-line energy of 186.47 MW and a 
cleared price of 12.09 $/MW, consistent with the results in 
Table II. It is obvious that only the varying curves can en‐
sure enough flexibility in searching for the optimal solution 
when restricted by the embedded energy equity constraints.

To verify the sustainability of the proposed model, we fur‐
ther compare the conventional coupon-based models and the 
proposed model, and the economic results are given in Table 
III. It is shown that at each level of energy cost requirement, 
the social cost (e. g., the policy cost) is always lower than 
the straightforward coupon cost. This is because the system‐
atically optimal solution is explored by the proposed model, 
and therefore, this novel utility model is more sustainable 
than the conventional payment assistance programs.

The support from the S-end is illustrated in Fig. 5, where‐
in the output of generators at the S-end with different energy 
cost thresholds (ecthd) are presented. With stricter energy eq‐
uity constraints (lower threshold) at the R-end, the output of 
generators at the S-end generally increases. It should be not‐
ed that the generation cost at the S-end increases due to the 
new tie-line schedule of the R-end, namely, the S-end will 
indirectly provide support to the R-end when participating in 
this market. This conclusion is consistent with the previous 
assumption that directly adding the social-driven cost con‐
straints into the ED problem of the R-end is not a valid 
method for formulating the desired operational schedule. 
Rather, the implementation of energy equity policies needs 
support from the whole system.

B. Three PJM 5-bus Interconnected Test System

In this subsection, we apply the proposed model to a three 
PJM 5-bus interconnected test system to verify its scalabili‐
ty. The schematic diagram of the supplementary case study 
is shown in Fig. 6, and the economic results are also present‐
ed and analyzed in Table IV. In this case, the S-end is inter‐
connected with R-end #1 and R-end #2 by two tie-lines. The 
energy burden policy is only implemented into R-end #1, 
which means that only Operator-R1 needs to develop a nov‐
el utility model to embed the social-driven energy cost con‐
straints.

TABLE III
COMPARISON BETWEEN COUPON-BASED MODEL AND PROPOSED MODEL

ecthd ($)

45000

43000

41000

39000

37000

Total cost ($)

177952

178232

179113

180550

182551

Social cost ($)

280

1161

2598

4599

Coupon cost ($)

2000

4000
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8000
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Fig. 5.　Output of generators at S-end with different ecthd.
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It is illustrated in Table IV that the stricter the require‐
ments of the energy burden threshold, the higher the demand 
for the R-end #1. This is because the R-end #1 needs to im‐
port more tie-line energy to regulate its price pattern. On the 
other side, the updated settlement point increases the export 
tie-line price at the S-end, and the cost of R-end #2 still gets 
higher, even without energy burden requirements in this area.

C. Two NPCC 140-bus Test Systems

Following the application of the proposed model to the 
smaller test system, in this subsection, we apply the pro‐

posed model to a larger system, consisting of two NPCC 
140-bus test systems, to validate the scalability of the model. 
The detailed network data is drawn from [51], and the sys‐
tem diagram is created with Another Grid Visualizer (AG‐
Vis) in [52], which is the visualization package of the 
CURENT Large-scale Testbed (LTB) [53].

In this test system, the low-income bus is Bus 114, and 
the energy price is higher due to congestion in transmission 
line 116 (buses 90-114). After implementing different energy 
cost thresholds on the proposed tie-line scheduling model, 
the market clearing results are shown in Table V.

The results in Table V validate that the proposed model is 
also effective for the larger test system when following the 
same trend as discussed in this paper. In Fig. 7, system price 
patterns with and without social-driven cost constraints are 

depicted and illustrated using a reference price of 30 $/MW, 
and the proposed model is validated as successfully modulat‐
ing the price pattern to a lower level.

TABLE IV
ECONOMIC RESULTS OF THREE PJM 5-BUS INTERCONNECTED TEST SYSTEMS

ecthd ($)

45000

43000

41000

39000

37000

S-end cost ($)

67608

66336

64162

63035

63035

R-end #1 cost ($)

Operation

66884

60404

52605

48756

48756

Tie-line import

45479

53511

64365

70072

70072

Subsidy

0

0

0

791

2792

R-end #2 cost ($)

Operation

72572

72969

73681

74773

74773

Tie-line import

12691

12884

12913

13206

13206

Total cost ($)

265234

266104

267726

270633

272634

TABLE V
MARKET CLEARING RESULTS OF DIFFERENT LOW-INCOME COMMUNITIES ENERGY COSTS

ecthd 
(106 $)

1.00

0.97

0.94

0.91

0.88

S-end cost 
(106 $)

4.799

4.726

4.671

4.597

4.541

R-end cost (106 $)

Operation

4.472

4.466

4.461

4.456

4.439

Tie-line import

2.866

2.945

3.011

3.101

3.189

Subsidy

0

0

0

0

0.017

Total cost 
(106 $)

12.137

12.138

12.143

12.154

12.186

Social cost 
(106 $)

0.001

0.006

0.017

0.049

S-end generation 
(GWh)

314.17

314.68

315.30

315.89

316.58

R-end generation 
(GWh)

297.46

296.95

396.33

295.74

295.05

Exchange 
(GWh)

24.45

24.96

25.58

26.17

26.86
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Fig. 7.　Energy price patterns with and without social-driven cost constraints. (a) With social-driven cost constraints. (b) Without social-driven cost constraints.
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VI. CONCLUSION AND EXPECTATION

In this paper, we propose a novel bi-level energy equity-
constrained tie-line scheduling model for interconnected sys‐
tems to characterize the concept of energy equity, and devel‐
op technical implementation schemes for potential energy 
burden policies. The proposed model evaluates the gap be‐
tween the given operational schedule and the desired equity-
constrained schedule. The proposed model also provides 
guidelines to market operators for how to develop tie-line 
schedules as price takers to achieve the desired energy price 
pattern. Further, a subsidy policy is adopted in the proposed 
model by leveraging the improved optimality cuts, along 
with the duality theorem. In the case studies, the effective‐
ness of the proposed model is validated by the impact of the 
energy equity implementation, and the cost of meeting the re‐
quirements of energy equity is verified to be higher. In the 
future, we plan to further study energy equity by considering 
energy storage device planning problems under renewable 
energy uncertainty.
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