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Abstract——The uncertainties from renewable energy sources
(RESs) will not only introduce significant influences to active
power dispatch, but also bring great challenges to the analysis
of optimal reactive power dispatch (ORPD). To address the in‐
fluence of high penetration of RES integrated into active distri‐
bution networks, a distributionally robust chance constraint
(DRCC)-based ORPD model considering discrete reactive pow‐
er compensators is proposed in this paper. The proposed ORPD
model combines a second-order cone programming (SOCP)-
based model at the nominal operation mode and a linear power
flow (LPF) model to reflect the system response under certain‐
ties. Then, a distributionally robust optimization (WDRO) meth‐
od with Wasserstein distance is utilized to solve the proposed
DRCC-based ORPD model. The WDRO method is data-driven
due to the reason that the ambiguity set is constructed by the
available historical data without any assumption on the specific
probability distribution of the uncertainties. And the more data
is available, the smaller the ambiguity would be. Numerical re‐
sults on IEEE 30-bus and 123-bus systems and comparisons
with the other three-benchmark approaches demonstrate the ac‐
curacy and effectiveness of the proposed model and method.

Index Terms——Active distribution network, chance constraint,
renewable energy source, optimal reactive power dispatch (OR‐
PD).

I. INTRODUCTION

OPTIMAL reactive power dispatch (ORPD), also
known as steady-state voltage control, is important for

the secure and economic operation of power systems [1]. It
aims at finding the optimal control variables of the power

system to minimize a certain objective function [2], [3]. Be‐
sides, ORPD satisfies a bunch of physical and operation con‐
straints such as branch currents and bus voltage magnitudes
to be within their reasonable ranges. The optimal control
variables consist of both continuous variables, i. e., voltage
magnitudes, and discrete variables, i. e., ratios of transform‐
ers and the number of switchable capacitors/reactors. Consid‐
ering the nonlinearity of power flow equations together with
the numerous continuous and discrete decision variables, OR‐
PD problem is a rather complex optimization problem.

Traditionally, ORPD is subject to a series of nonlinear
constraints that make it a mixed-integer nonlinear program‐
ming problem. Many methods have been proposed to solve
the ORPD model, which can be generally divided into two
categories: artificial intelligence methods (such as particle
swarm optimization [4], simulated annealing [5]) and con‐
ventional methods (such as linear programming [6], gradient-
based optimization [7], interior-point method [8]). In these
optimization methods, the discrete variables are treated as
continuous variables firstly and then rounded off to the near‐
est integer value, which may lead to unnecessary deviation
in the objective function and more constraint violations.
Nowadays, mixed-integer programming approaches have
been frequently used, and they can be efficiently solved by
branch-and-cut, branch-and-bound or cutting plane methods
[9]. Besides, the global optimal solution can be guaranteed
under the Karush-Kuhn-Tucker (KKT) conditions when the
models are relaxed to be a convex problem.

Meanwhile, since the penetration of renewable energy
sources (RESs) increases sharply in recent years [10], they
will probably bring great challenges to the ORPD due to
their stochastic nature. For example, the RES uncertainties
could result in frequent voltage fluctuations due to the delay
of system reaction, especially in distribution systems [11],
[12]. Therefore, the integration of such volatile renewable en‐
ergy into power system requires more considerations on the
planning and scheduling [13]-[16]. Presently, there are sever‐
al approaches to tackle the uncertainties of RES in power
systems. One is stochastic programming (SP) [17] - [19],
which supposes that the uncertainties follow a presumed
probability distribution, and then it is feasible to be trans‐
formed into a deterministic problem. For example, a chance-
constrained programming method is proposed in [18], in
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which the uncertain nodal power injections and random
branch outages are considered as uncertainty sources. A sto‐
chastic multi-objective ORPD problem is presented in [19],
wherein a wind-integrated power system with both loads and
wind power generation uncertainties is considered. The sec‐
ond approach is robust optimization (RO) [9], [20], [21]. For
example, a two-stage robust ORPD model is proposed in
[9], which can achieve a more robust solution than tradition‐
al deterministic approaches, although it has longer computa‐
tion time. The RO-related methods have been demonstrated
to give out rather conservative solutions, because they ig‐
nore the exact probability information of uncertainties and
only search for the solution that performs best in the worst-
case scenarios.

To bridge the gap between SP and RO, the third approach
called distributionally robust method (DRO) has been
brought up [22]-[30]. DRO assumes that the true probability
distribution lies in an ambiguity set, and it minimizes the
worst-case expected cost over this ambiguity set. The most
popular ambiguity set is the moment-based, e. g., the set of
probability distribution with the first- and second-order mo‐
ments [28]-[30]. However, the information of first- and sec‐
ond-order moments cannot cover all the probability informa‐
tion of the true distribution. We do not even know the mo‐
ment information of the true probability distribution. All that
we have are the available historical data. Therefore, a de‐
sired ambiguity set should contain the true probability distri‐
bution. The ambiguity set will become smaller with the in‐
creasing historical data.

Currently, most existing references are using two-stage
model for ORPD problem under uncertainties, and the solu‐
tions are usually complicated due to their multi-level struc‐
tures [9]. Besides, non-anticipative constraints on ORPD de‐
cisions are always not considered in two-stage model formu‐
lations [31]. Moreover, the two-stage distributionally robust
optimization model is much more time-consuming and diffi‐
cult to be solved when more historical data are available. To
address the above concerns, a new distributionally robust
chance-constraint (DRCC) ORPD model with Wasserstein
distance is proposed for active distribution networks in this
paper. The main contributions are as follows:

1) In the ORPD model formulation, we propose an ap‐
proximate second-order cone programming (SOCP) power
flow model, which combines an exact SOCP model at the
nominal operation mode and a linear power flow (LPF) mod‐
el to express the system response under uncertainties. It
largely inherits the accuracy of the exact SOCP model.
Moreover, it is a single-level mixed-integer programming for‐
mulation rather than multi-level formulation. Therefore, it
can be directly solved by popular commercial solvers like
Gurobi, and no other complex algorithms for minimum-maxi‐
mum structure problems are required.

2) We firstly apply Wasserstein distance to the DRCC-
based ORPD model to construct the ambiguity set, so as not
to presume any true probability distribution for the uncertain
RESs. The Wasserstein-distance-based distributionally robust
optimization (WDRO) method is a data-driven method, and
larger quantity of data will lead to smaller ambiguity set and

less conservative solution.
3) We then reformulate the original DRCC-based ORPD

model to be a mixed-integer convex programming model, ac‐
cording to the Wasserstein-distance-based ambiguity set. Sim‐
ulations are performed on IEEE standard test systems, and
optimal solutions of the proposed WDRO method are com‐
pared to those of other three benchmark approaches. The pro‐
posed WDRO is able to guarantee fast computation perfor‐
mance as RO, which is better than moment-based distribu‐
tionally robust optimization (MDRO) and SP approaches.
Moreover, the proposed WDRO method is also effective
when a large number of historical data are available, which
benefits from the unique reformulation of the proposed
DRCC-based ORPD model.

The structure of the paper is as follows. Section Ⅱ intro‐
duces the formulation of DRCC-based ORPD model. A
WDRO method is then proposed in Section Ⅲ to solve the spe‐
cial optimization problem. In Section Ⅳ , numerical results on
IEEE 30-bus and 123-bus systems and comparisons with an‐
other three benchmark approaches are presented to demon‐
strate the accuracy and effectiveness of the proposed model
and method. Finally, conclusions are drawn in Section Ⅴ.

II. ORPD MODEL IN DISTRIBUTION NETWORKS

In this section, a novel DRCC-based ORPD model is pro‐
posed considering multiple continuous and discrete decision
variables as well as the power flow constraints and uncertain‐
ties from RES. The proposed model combines an SOCP
model at the nominal operation mode and an LPF model to
reflect the system response under uncertainties.

A. ORPD Model Based on SOCP Relaxation

Recently, the conic relaxation technique has been deeply
studied [32] - [35] to relax the nonconvex power flow equa‐
tions by the use of SOCP, and it has been recognized that
the conic relaxation has no gap or small gap to the original
exact power flow equations in most distribution networks.
An ORPD model based on SOCP has been formulated in
[9]. In an RES-integrated power system, the SOCP-based
ORPD model can be given as follows [9]:
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where the subscripts i or j and ij represent the specific bus
and branch, respectively; P g

i Qg
i P w

i Qw
i P l

i Ql
i are the nomi‐

nal active and reactive power for the generation from genera‐
tors, injection from RES and power consumption of load, re‐
spectively; BE are the sets of buses and branches, respec‐
tively; T is the set of branches with transformers; Ω is the
set of buses for reactive power compensators; π (i) , δ (i) are
the sets of all parents and children of bus i, respectively;
rijxij are the resistance and reactance of branch (ij), respec‐
tively; bsi is the shunt susceptance from bus i to the ground;
Ci is the value of shunt capacitors/reactors at bus i; si is the
step size of shunt capacitors/reactors at bus i; I max

ij is the cur‐
rent capacity limit of branch (ij); Pij Qij are the active and
reactive power flows from bus i to j, respectively; tij is the
tap ratio of the transformer of branch (ij); vi is the nominal
bus voltage magnitude; v̄, -v are the upward and downward
bus voltage magnitude, respectively; P̄g, -P

g are the upward
and downward active power of generators, respectively; and
Q̄g, -Q

g are the upward and downward reactive power of gen‐

erators, respectively.
The constraint (2) denotes the power balance at each bus;

constraints (3) - (6) denote the Ohm’s law for each branch;
constraints (4) and (5) are the constraints for discrete com‐
pensators; constraint (7) is the bounds for bus voltages,
branch currents and the generator outputs. For any fixed
forecasted load power (P l, Ql) and RES (P w, Qw), traditional
ORPD aims to perform an optimal dispatch of reactive pow‐
er while guaranteeing the power balance and security con‐
straints of the system, i.e., (1)-(7). With the increasing growth
of RES, the power system operation is influenced more deeply
by the uncertainties of RES. By using automatic generation
control (AGC) and automatic voltage regulation (AVR),
the adverse impact of the RES uncertainties need to be
considered when arranging optimal operation modes.

B. Response Model of Voltage-concerned System and Its
Control Under Uncertainties

Since LPF model is convenient in dealing with the uncer‐
tainties of RES, a linear approximation of the AC power
flow equation can be obtained as follows [36]:
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where p and q are the vectors of the nodal injected active
and reactive power, respectively; Y =G + jB is the admit‐
tance matrix of power system; Y ′=G′+ jB′ is the admittance
matrix without shunt elements; Y ″=G″+ jB″ is the modified
admittance matrix of power system G″ii =GiiG″ij = 0.5Gij; f is
the nominal line flow; and G fBf are the nl ´ nb matrices
with Gf

ki =-Gf
kj =Gij, Bf

ki =-Bf
kj =Bij, and other elements as ze‐

ros, respectively. It is well-known that the state variables
consist of three sub-vectors corresponding to the Vθ PV PQ
types of buses. Let θv denote the nominal bus voltage an‐
gles and magnitudes, respectively; RLS denote the sets for
reference bus, PV buses, and PQ buses, respectively; then
the state variables can be written as θ = (θRθSθL ), v2 =
(v2

Rv2
Sv2

L), and other variables and coefficient matrix can al‐
so be partitioned in the same manner. Generally, with the
AVR control system, the excitors of the generator are able to
maintain the pre-scheduled voltage magnitudes so that Dv2

R =
Dv2

S = 0, and the reference bus has fixed phase angle, typical‐
ly as 0. Then, (8) can be transformed partially into an incre‐
mental form as (9)- (11). In (9), v2

L is the voltage calculated
by the SOCP-based model.
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Without the loss of generality, only wind power genera‐
tion is considered as the fluctuating RES in this study, and
any other types of RES can be integrated and modelled simi‐
larly. The actual active power outputs are considered as a
combination of the forecasted power P w plus a random fore‐
casting error ξ͂. The wind farm is assumed to maintain a
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fixed power factor cos ϕ. In order to address the ORPD prob‐
lem under uncertainties, the traditional ORPD model should
be modified. Firstly, we use the SOCP model from Section
Ⅱ - A to get a nominal operation mode x = (v2PgQgzy),
and z, y denote sets of discrete variables. Then, (9) and (10)
can be used to calculate incremental system response under
RES uncertainties. Besides, with the regulation of AGC, gen‐
erators can respond affinely to the total forecasting errors of
active wind power. In such circumstance, the incremental
part of active and reactive nodal power injections in (9) and
(10) are random variables as:
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where α is the AGC participation factor of generation units;
and ξ͂ = ( )ξ͂R + ξ͂S + ξ͂L is the random forecasting errors of

RES generation.
Then, the incremental state variables in (9) and (10) will

also become random variables. By substituting (12) into (9)
and (10), the random state variables can be written as:
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where C vDvC fDfC qDq are the constant matrices decided
by the network parameters; and qR S is the reactive power in‐
jection in the nominal operation mode, which is calculated
by the SOCP-based model.

C. Formulation of DRCC-based ORPD Model

Based on the developed SOCP model and LPF model, a
DRCC-based ORPD model can be formulated as (14) - (20)
with constraints (2)-(7):
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where ℙ is a probability distribution (measure); Eℙ is the ex‐
pectation with probability distribution ℙ; r̄ -r are the upward
and downward regulating reserves of generation units, re‐
spectively; c̄-c are the upward and downward regulating re‐

serve prices, respectively; nbnl are the numbers of buses
and lines, respectively; P̂N is the ambiguity set constructed
from the historical data of forecasting error ξ͂; and ρ1 to ρ4

are the tolerable violation probabilities.
According to [37], the objective function for the DRCC-

based ORPD model is chosen for minimizing the worst-case
expectation of operation costs in this study. Only minimizing
the network losses without considering generator costs may
conflict with the economic operation principles [38]. The op‐
eration costs consist of the reserve costs and the production
costs of both the active and reactive power of generator
whose cost functions are obtained from MATPOWER [37].
Actually, other alternative objectives such as minimizing net‐
work losses and the operation costs of tap ratio (TR) and
switchable capacitors/reactors (SCRs), can also be incorporat‐
ed into the proposed model easily, as all control variables in
the proposed DRCC-based ORPD model are expressed ex‐
plicitly [39]. Constraints (2) - (7) ensure the power balance
and security limits of state variables in the nominal opera‐
tion mode. Constraint (15) denotes the basic requirement for
participation factors of AGC systems; constraints (16) and
(17) ensure the adequacy of the upward and downward gen‐
eration reserves; chance constraint (18) is for the voltage
magnitudes at PQ buses under uncertainties; chance con‐
straint (19) is for the line flow; and chance constraint (20) is
for the reactive power outputs of generators.

III. SOLVING DRCC-BASED ORPD MODEL WITH

WASSERSTEIN DISTANCE

A. Ambiguity Set with Wasserstein Distance

In the real-life application, the real probability distribution
ℙ for random variables ξ̂ is usually unknown, so we con‐

struct an empirical distribution ℙ̂N =∑
k = 1

N

δ
ξ̂ ( )k /N as an estima‐

tion of the true ℙ, using the historical sample set

{ξ̂ ( )1 ξ̂ ( )2 ...ξ̂ ( )N } without any assumption of ℙ. Here, δ
ξ̂ ( )k is

the Dirac distribution concentrating unit mass at ξ̂ ( )k , and
these samples are the forecasting errors of the wind power
outputs. Then the Wasserstein distance can be used to mea‐
sure the distance between the empirical probability ℙ̂N and
the true probability ℙ, given by Definition 1.

Definition 1 (Wasserstein distance) [22], [23]: for any
probability distribution 12ÎP (Ξ), where P (Ξ) denotes
the set of all probability distributions with support Ξ, the
Wasserstein distance can be defined as:

W ( )12 = inf
Õ ( )∫

Ξ2
 ξ1 - ξ2 Õ( )dξ2dξ2 (21)

where Õ is a joint distribution of ξ1 and ξ2 with marginals
1 and 2; and  × is a norm operator in Rn used in this pa‐
per. Accordingly, we have W (ℙ̂Nℙ)£ ε, where ε is some sam‐
ple-dependent monotone function. In our data-driven frame,
given a historical sample set with N samples, the true distri‐
bution ℙ will be included in the following ambiguity set:

P̂N = {ℙÎP ( )Ξ :W ( )ℙℙ̂N £ ε ( )N } (22)
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As shown in (22), the performance of the DRCC-based
ORPD will heavily rely on the radius ε ( )N of the Wasser‐
stein ball. Several possible choices for the radius are given
in [40]-[42], and a radius from [42] is selected in this study,
which can be represented as:

ε ( )N =C
1
N

log10 ( )1
1- β

(23)

where β is the confidence level; and C is the diameter of the
support of the random variable that can be written as (24),
where μ̂ is the sample mean and the minimization over α1

can be denoted by bisection search method.
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B. Convex Reformulation of Chance Constraints

Considering a more general form of (17)-(20) as:

inf
ℙÎ P̂N

ℙ ( )g ( )xξ͂ £ 0 ³ 1- ρ (25)

where g is linear with both the state variable x and random
variable ξ͂; and ρ is the tolerable violation probability.

In fact, the chance constraint is usually non-convex so
that it is hard to find an equivalent formulation which is
solvable. A feasible way is to find a convex conservative for‐
mulation of (25) as follows.

Firstly, find a deterministic ambiguity set that meets the
robust constraint, for the random variable ξ as:

g (xξ)£ 0 "ξ ÎU (26)

For a given historical sample set {ξ̂ ( )1 ξ̂ ( )2 ...ξ̂ ( )N }, it is

easy to compute the sample mean μ̂ and sample covariance
Σ̂. Then the standardised version ϑ͂ = Σ̂ -1/2 (ξ͂ - μ̂) of random

variable ξ͂ with sample set {ϑ̂( )k = Σ̂ -1/2 (ξ̂ ( )k - μ̂)}
k = 12...N

can be

obtained. Thus ϑ͂ has the sample mean as 0, sample covari‐
ance as 1, and support asΘ={-σmax1£ϑ£σmax1}. Then, another set

of νÍRm needs to be found for random variable ϑ͂ that meets:

sup
Î Q̂N

 ( )ϑ͂ÏV £ ρ (27)

where  is the true distribution of ϑ͂, with ambiguity set Q̂N

constructed using (22). As a result, U = Σ̂ 1/2V + μ̂ can be
utilised as a possible ambiguity set for (26). Considering the
rules of sample independence and equal variance among dif‐
ferent components of ϑ͂, we restrict V within the hypercube
(28) so as to find out V more efficiently.

V (σ)= {ϑÎRm|- σ1< ϑ < σ1} (28)

Secondly, to reduce conservatism, σ needs to be as small
as possible:

ì

í

î

ïï
ïï

min
0£ σ £ σmax

σ

s.t. sup
Î Q̂N

 ( )ϑ͂ÏV ( )σ £ ρ (29)

Using Lemma 1 in Appendix A, (29) is equivalent to:

{ min
0£ λ0£ σ £ σmax

σ

s.t. h ( )σλ £ ρ
(30)

where h (σλ)=λε+ 1
N∑k=1

N é

ë
êê

ù

û
úú1-λ ( )σ-  ϑ̂( )k

¥

+ +

, ( )x
+ =max ( )x0 .

As shown in Lemma 1, (A1) is non-decreasing in σ.
Therefore, (30) has a unique solution. The optimal solution
can be found quickly by a nested bisection search method
shown in Appendix B.

After determining the optimal σ, the hypercube V (σ) can
be expressed as the convex hull of its vertices. Then the hy‐
percube (28) can be obtained as V (σ) =

conv ({ }υ( )1 υ( )2 ...υ( )2m ), specially, V (σ)= conv ( ){ }-σσ for 1-

dimensional random variable, and V (σ)= conv ({ }±σ± σ ) for

2-dimensional random variable. Accordingly, the constituted
ambiguity set can be expressed as:

Ug = conv ({u(1)u(2)...u(2m)}) (31)

where u(i) = Σ̂ 1/2υ(i) + μ̂1£ i £ 2m. Then, (25) is equivalent to a
deterministic expression:

g (xu(i))£ 0 1£ i £ 2m (32)

Equation (32) is a set of linear constraints with the state
variable x. Thus, (17)-(20) can all be replaced by their corre‐
sponding deterministic linear forms using (32).

C. Reformulation of Objective Function

After the chance constraints being reformulated to a solv‐
able form, there is still an obstacle sup

ℙÎ P̂N

Eℙ（×）in the objec‐

tive function of the DRCC-based ORPD model. The objec‐
tive function (14) inside the sup

ℙÎ P̂N

Eℙ（×）can be rewritten as:

l (xῶ)= c2ῶ
2 + c1ῶ+ c0 ῶ= 1T ξ͂ (33)

Note that the objective function would be a convex qua‐
dratic function of x and that (33) is also a convex quadratic
function of ῶ. Given a sample set {ω̂1ω̂2...ω̂N} and its sup‐

port [ -ω ω̄], use Lemma 2 in the Appendix C and let λ=
max{l′ (xω̄) - l′ (x-ω)} with l′ (xῶ)= 2c2ῶ+ c1, then:

{l ( )x-ω + λ(-ω-ω)£ l ( )xω "ωÎ [ ]-ω ω̄

l ( )xω̄ - λ(ω̄-ω)£ l ( )xω "ωÎ [ ]-ω ω̄
(34)

A close upper approximate of the worst-case evaluation of
the cost in (14) can be rewritten as:

ì

í

î

ï
ï
ï
ï

sup
ℙÎ P̂N

Eℙ{ }l ( )xῶ ⩽ inf
λÎR

(λε)+
1
N∑k = 1

N

l ( )xω̂k

s.t. l′ ( )xω̄ £ λ

-l′ ( )x-ω £ λ

(35)
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Equation (35) can be used as the worst-case cost with
good computation performance, because the number of con‐
straints and decision variables of (35) remain unchanged
when using a larger historical data set in our WDRO method.

IV. NUMERICAL TESTS

A. Description of Two Test Systems

In the case study, the proposed DRCC-based ORPD mod‐
el and the WDRO method are tested on both IEEE 30-bus
system and IEEE 123-bus distribution system [43]. YALMIP
is used as the modelling tool and Gurobi 7.5.2 as the solver,
running on a 12-core 2.4 GHz Workstation.

The IEEE 30-bus system consists of 6 generators and 41
branches. The total load of the system is 189.2 MW. Five
wind farms are connected to buses 3, 7, 17, 20, 24,
respectively, and the capacity of each wind farm is set to 30
MW. The forecasted values of wind power output are
assumed to be 50% of their capacities. Two transformers are
installed at branches 11 and 16, respectively, whose ranges
of TR are both [0.95, 1.05] with the step size of 0.01. And
two SCRs are installed at buses 7 and 26, respectively,
whose capacities are both [-0.12, 0.12]p.u. with the step size
of 0.01 p.u.. The base is 100 MVA.

For the IEEE 123-bus distribution system, the total load is
3490 kW. Ten wind farms are connected to buses 5, 16, 29,
33, 46, 59, 64, 71, 75, 79, respectively, with 240 kW wind
power capacity for each wind farm. The forecasted values of
wind power output are also assumed to be 50% of their ca‐
pacities. There are one transformer installed at the substation
whose range of tap ratio is [0.95, 1.05] with the step size of
0.01. And there are four SCRs installed at buses 12, 35, 54
and 108, whose capacities are [-0.006, 0.006]p. u. with the
step size of 0.002 p.u.. The base is 1000 kVA. Besides, nu‐
merical tests on other three-benchmark approaches are per‐
formed to compare with the proposed WDRO method.

1) RO: it requires (17)-(20) to be satisfied for all possible
scenarios of the random variable.

2) SP: it presumes that the random variable follows the
Gaussian distribution with a pre-given mean and covariance,
and (17) - (20) are formulated as SOCP constraints by using

inequality ℙ{| ξ͂ - μ |³Φ-1 (1- ρ 2 )σ}£ ρ, where Φ is the cu‐

mulative distribution function of standard Gaussian random
variable.

3) MDRO: the ambiguity set of MDRO is a set of proba‐
bility distribution with a pre-given mean and variance, then
(17) - (20) are formulated as SOCP constraints by using in‐

equality ℙ{| ξ͂ - μ |³ 1 ρ σ}£ ρ.
In this paper, the tolerable violation probability in (17) -

(20) are set to ρ1 = ρ2 = ρ3 = ρ4 = 0.05, and the confidence lev‐
el in (23) is set to be β = 0.9. According to [44], Laplace dis‐
tribution is used to generate realistic historical data whose
sizes are ranging from 103 to 106, with typical standard fore‐
casting error variance [45]. Then, we use a set of 107 sam‐
ples to estimate the simulated costs of the true distribution,
so as to test the practical and out-of-sample performance of
the corresponding method.

B. IEEE 30-bus System

1) The accuracy of the proposed model: the proposed
DRCC-based ORPD model combines an SOCP model in the
nominal operation mode and an LPF model to reflect the sys‐
tem response under uncertainties. Therefore, the accuracy of
the proposed model should lie between the SOCP-based
model and the LPF-based model with deterministic power
flow. The comparisons of operation costs in different models
are shown in Fig. 1, when the total wind power output fore‐
casting error varies deterministically from -30 MW to 30
MW. The results demonstrate that the operation costs of the
proposed model lie exactly between the SOCP model and
the LPF model. And when the total forecasting error is -30
MW, the percentage difference between the proposed model
and the SOCP model reaches a maximum value of -0.43%. Be‐
sides, when the total forecasting error is zero, the proposed
model coincides with the SOCP model.

In addition, the proposed model has much higher accuracy
than the LPF model in minimizing the operation costs with
different total forecasting errors, which are depicted clearly
in Fig. 1. Besides, the comparisons in Fig. 2 and Table Ⅰ fur‐
ther presents the accuracy of the proposed model in voltage
magnitudes and reactive power outputs, with the total fore‐
casting error of -30 MW. Therefore, the proposed model has
a considerably high accuracy as the SOCP model and a
mathematical tractability as the LPF model, which makes it
more attractive for ORPD under uncertainties.
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Fig. 1. Comparisons of objective operation costs for different models with
different forecasting errors.
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2) Effectiveness of reactive power-related chance con‐
straints: the optimization results of the proposed model with

different chance constraints are shown in Table Ⅱ.

TABLE II
COMPARISONS OF PROPOSED MODEL UNDER DIFFERENT CHANCE CONSTRAINTS

Model

Complete
proposed

model

Without
voltage
chance

constraint

Without
reactive
power
chance

constraint

Generator No.

G1

G2

G3

G4

G5

G6

G1

G2

G3

G4

G5

G6

G1

G2

G3

G4

G5

G6

Pg (p.u.)

0.308

0.434

0.079

0.186

0.073

0.087

0.307

0.433

0.078

0.185

0.074

0.090

0.308

0.434

0.079

0.186

0.076

0.085

Qg (p.u.)

0.186

0.219

0.155

0.055

0.110

0.195

0.183

0.215

0.148

0.055

0.110

0.200

0.177

0.208

0.151

0.065

0.136

0.170

Voltage (p.u.)

0.999

0.989

0.961

0.977

0.997

1.040

0.996

0.986

1.043

0.967

0.989

1.041

0.997

0.988

0.951

0.977

1.001

1.037

SCR1 capacity (p.u.)

0.09

0.10

0.09

SCR2 capacity (p.u.)

0.09

0.09

0.10

TR1 (p.u.)

1.02

1.00

1.01

TR2 (p.u.)

0.96

1.05

0.95

TABLE I
COMPARISONS OF VOLTAGE MAGNITUDES OF PQ BUSES FOR DIFFERENT MODELS

Bus No.

3

4

5

6

7

8

9

10

11

12

14

15

16

17

18

19

20

21

24

25

26

28

29

30

SOCP (p.u.)

0.974

0.969

0.975

0.963

0.967

0.951

0.972

0.967

0.972

0.973

0.964

0.970

0.965

0.965

0.960

0.959

0.964

0.969

0.989

1.025

1.045

0.968

1.015

1.003

Proposed model (p.u.)

0.974

0.969

0.976

0.963

0.967

0.951

0.972

0.967

0.972

0.973

0.962

0.970

0.964

0.964

0.960

0.958

0.963

0.969

0.989

1.025

1.045

0.967

1.015

1.003

Error (p.u.)

0.0000

-0.0000

0.0005

0.0000

0.0002

0.0000

-0.0004

-0.0007

-0.0004

0.0000

-0.0017

0.0004

-0.0004

-0.0007

-0.0000

-0.0002

-0.0003

-0.0001

-0.0002

0.0001

0.0002

-0.0002

0.0002

0.0002

LPF (p.u.)

0.978

0.973

0.982

0.967

0.972

0.955

0.983

0.971

0.983

0.984

0.965

0.978

0.974

0.970

0.966

0.964

0.968

0.970

0.991

1.026

1.047

0.972

1.016

1.005

Error (p.u.)

0.0033

0.0033

0.0073

0.0031

0.0048

0.0041

0.0108

0.0038

0.0108

0.0111

0.0014

0.0079

0.0087

0.0056

0.0058

0.0050

0.0048

0.0011

0.0016

0.0014

0.0022

0.0048

0.0012

0.0014

432



LIU et al.: DISTRIBUTIONALLY ROBUST OPTIMAL REACTIVE POWER DISPATCH WITH WASSERSTEIN DISTANCE...

The results show that compared with the complete pro‐
posed model, the active power of generators in the model
without (18) does not have much difference. But the reactive
power related variables, i. e., the discrete control devices
TR1, TR2, SCR1 and the continuous reactive power output
of generators varies a lot, which will make the voltages at
generator buses closer to their upper or lower limits. For ex‐
ample, the voltage magnitudes of G3 and G6 increase to
1.043 p.u. and 1.041 p.u., respectively, which are under po‐
tential risk of over-voltage; and the voltage magnitude of G4
decreases to 0.967 p.u., which may violate the under-excita‐
tion limit. For another comparison, if the reactive power
chance constraints (20) is excluded from the complete pro‐
posed ORPD model, the active power does not have much
difference. However, the reactive power of generators, e. g.,
G1, G2, G3, G6 decreases, which might lead to the decrease
of voltage magnitudes at the corresponding generator buses.
This change makes the voltage magnitude of G3 under a
risk of violating the under-excitation limit. The results show
that (18) and (20) are significant in the DRCC-based ORPD
model to ensure a safe operation under uncertainties.

3) Comparison of discrete reactive power variables at dif‐
ferent penetration levels of wind power: the optimized re‐
sults of the discrete reactive power variables at different pen‐
etration levels of wind power are shown in Table Ⅲ and Ta‐
ble Ⅳ . Under low wind power penetration condition (wind
power output is Pw = 5 MW, with a maximum load of 189.2
MW), the reactive power compensators, i. e., SCR1, SCR2,
TR1, stay nearly unchanged as the forecasting error variance
increases from 0.03 p.u. to 0.12 p.u., because such low wind
power penetration would not induce much voltage fluctua‐
tions in the system. However, the situation varies with high‐
er penetration of wind power. For higher wind power pene‐
tration (Pw = 50 MW), the transformer taps change signifi‐
cantly with the a small step size of 0.01 p.u.. The operation
statuses of SCRs also vary significantly with small step size,
whereas SCRs with bigger step size of 0.02 p.u. only change
when the forecasting error variance increases to a big
enough value. In summary, no matter with high or low pene‐
tration of wind power, the reactive power compensators re‐
spond accurately under uncertainties, which verifies the ef‐
fectiveness and accuracy of the proposed model.

C. IEEE 123-bus Distribution System

The performances and advantages of the WDRO method
on the proposed DRCC-based ORPD model are further com‐
pared with other three-benchmark approaches on the IEEE
123-bus distribution system.

1) Method conservatism and reliability comparison: the
comparisons of objective operation costs on IEEE 123-bus
distribution system are shown in Table Ⅴ.

Among the simulated costs of different approaches, we
can sort the method conservatism as: RO > WDRO (103) >
MDRO > WDRO (104, 105, 106) > SP. In addition, it can be
seen clearly from Fig. 3 that the simulated cost of RO is the
highest and that of SP is the lowest, due to the fact that RO
ignores most of the probabilistic information while SP as‐
sumes the precise knowledge about the presumed true proba‐
bility distribution. In other words, RO outputs the most con‐
servative solutions and SP provides the most optimistic solu‐

tions. Since MDRO assumes partial knowledge, namely the
first- and second-order moments of the probability distribu‐
tion, it certainly reduces conservatism to some extent com‐
pared with RO. However, MDRO is still too conservative.

TABLE IV
COMPARISONS OF DISCRETE REACTIVE POWER VARIABLES WITH STEP SIZE OF SCR AS 0.02 P.U.

Forecasting
error

0.03

0.06

0.09

0.12

Reactive power with Pw=5 MW

TR1 (p.u.)

1.01

1.01

1.01

1.01

TR2 (p.u.)

0.95

1.05

0.96

0.95

SCR1 capacity (p.u.)

0.10

0.10

0.10

0.10

SCR2 capacity (p.u.)

0.08

0.08

0.08

0.08

Reactive power with Pw=50 MW

TR1 (p.u.)

1.01

1.00

1.01

1.02

TR2 (p.u.)

0.96

1.05

1.05

0.96

SCR1 capacity (p.u.)

0.10

0.10

0.10

0.08

SCR2 capacity (p.u.)

0.10

0.10

0.10

0.08

TABLE III
COMPARISONS OF DISCRETE REACTIVE POWER VARIABLES WITH STEP SIZE OF SCR AS 0.01 P.U.

Forecasting
error

0.03

0.06

0.09

0.12

Reactive power with Pw=5 MW

TR1 (p.u.)

1.01

1.01

1.01

1.01

TR2 (p.u.)

0.95

1.03

0.96

1.05

SCR1 capacity (p.u.)

0.10

0.10

0.10

0.10

SCR2 capacity (p.u.)

0.09

0.09

0.09

0.09

Reactive power with Pw=50 MW

TR1 (p.u.)

0.99

1.00

1.01

1.02

TR2 (p.u.)

0.96

1.05

1.05

1.03

SCR1 capacity (p.u.)

0.10

0.10

0.09

0.09

SCR2 capacity (p.u.)

0.09

0.10

0.08

0.09

TABLE V
COMPARISON OF OPERATION COSTS

Method

RO

Proposed method (103)

Proposed method (104)

Proposed method (105)

Proposed method (106)

MDRO

SP

Objective cost ($)

6.8754

5.8452

5.4835

5.3238

5.2511

5.7035

5.1704

Simulated cost ($)

6.8683

5.8134

5.4748

5.3207

5.2498

5.6964

5.1634
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All the simulated costs of the three conventional approach‐
es are nearly irrelevant with the quantity of data, except the
proposed WDRO method. Since the proposed WDRO fully
relies on the available historical data, the WDRO will pro‐
vide a conservative solution as RO when it is short of data.
And it can get closer to the result of the SP approach when
more historical data is available. Although SP obtains the
lowest simulated costs, it fails to guarantee the reliability lev‐
el of the security constraints, which can be seen in Fig. 4.
This is because the true probability distribution would al‐
ways be different from the presumed Gaussian distribution
used in the SP approach, while all the other tested approach‐
es, including RO, MDRO and the proposed WDRO, are able to
ensure higher reliability level (>95%) due to the robust nature.

2) Data-driven characteristic of the WDRO method: as an‐
alyzed above, all the simulated costs of the other three ap‐
proaches are nearly irrelevant with the quantity of the data
samples, except the proposed WDRO method. In fact, the
WDRO method would safely reduce the reliability level to a
slight extent when more data is available. The objective oper‐
ation cost will be lower with the increasing quantity of avail‐
able data, which demonstrates that the WDRO is a data-driv‐
en method, and it can be less conservative with more histori‐
cal data. It can also be seen that the simulated costs are al‐
ways less than the objective values in Table Ⅴ , because the
true probability distribution usually differs from the conser‐
vative worst-case one. Moreover, the percentage difference be‐
tween the objective values and simulated costs for the pro‐
posed WDRO method is also plotted in Fig. 5. The difference

may be large when the quantity of available historical data is
as small as 1000. If more data is obtained, the difference will
decrease and eventually approach 0, which demonstrates the
data-driven nature of the proposed WDRO method.

3) Comparison of computation performance: the compari‐
son of the computation performance for all the methods is
shown in Table Ⅵ , and the wind capacity is 10×240 kW.
The calculation of the whole WDRO method consists of two
parts. One part is the construction of U in (26) with avail‐
able historical data, which can be completed before optimiza‐
tion. It can be concluded from the IEEE 123-bus distribution
system case that the computation time of uncertainty set
does not increase with the order of magnitude of the avail‐
able dataset. This characteristic guarantees that the proposed
WDRO method stays effective when more data is available.

The other part of the calculation is the optimization pro‐
cess. The computation time of WDRO is almost the same as
RO approach, and much less than those of SP and MDRO
methods. The proposed WDRO method reformulates the
chance constraints into a bunch of linear constraints, which
is similar to RO method. However, MDRO and SP methods
both reformulate the chance constraints into SOCP con‐
straints that induce larger computation burden. Most impor‐
tantly, the computation time of WDRO is not sensitive to the
quantity of historical data, namely that the solver time
would not increase when more historical data are used,
which further demonstrates better computation performance
of the proposed WDRO method.
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Fig. 4. Comparisons of reliability among different methods.

TABLE VI
COMPARISON OF COMPUTATIONAL PERFORMANCE ON IEEE 123-BUS

DISTRIBUTION SYSTEM

Method

RO

WDRO (103)

WDRO (104)

WDRO (105)

WDRO (106)

MDRO

SP

Construction time (s)

3.04

3.34

14.36

269.42

Solver time (s)

0.76

0.65

0.89

0.73

0.77

1.12

1.18

0.6

0.5

0.4

0.3

0.2

0.1Pe
rc

en
ta

ge
 d

iff
er

en
ce

 (%
)

0

Number of available historical data
103 104 105 106

Fig. 5. Percentage differences between objective function and simulated
costs with increasing data samples.
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V. CONCLUSION

This paper proposes a DRCC-based ORPD model under
uncertainties, whose ambiguity set is constructed by Wasser‐
stein distance. Different from the conventional ORPD mod‐
el, the proposed model is a combination of an exact SOCP
model in nominal operation mode and an LPF model to re‐
flect the system response under uncertainties.

1) Numerical case studies on IEEE 30-bus system demon‐
strate that the proposed model largely inherits both the accu‐
racy of exact SOCP model and the tractability of LPF mod‐
el. The model is also able to deal with discrete control vari‐
ables such as transformer tap ratios and switchable capaci‐
tors/reactors, which ensures a reliable and efficient ORPD
under uncertainties from volatile RES.

2) A WDRO method is proposed only based on historical
data without any assumption on the specific probability dis‐
tribution of the uncertainties. When more historical data are
available, the solution will become less conservative to guar‐
antee the required reliability level of security constraints.

3) Numerical studies on IEEE 123-bus distribution system
further verifies the DRCC-based ORPD model and the
WDRO method, by comparing the conservatism, reliability,
data-driven characteristic and computation performance to
those of the other three approaches. Compared with RO and
SP approaches, the proposed WDRO method can robustly
give a less conservative solution. Compared to MDRO,
WDRO can extract more information of the true probability
distribution by directly using the historical dataset. Besides,
the proposed WDRO is able to guarantee fast computation
performance as RO, which is better than MDRO and SP ap‐
proaches, and stays effective when a large number of histori‐
cal data are available.

APPENDIX A

The underlying formulation is developed in [26].
Lemma 1:

sup
Î Q̂N

 ( )ϑ͂ÏV ( )σ = inf
λ³ 0 {λε + 1

N∑k = 1

N é

ë
êê

ù

û
úú1- λ ( )σ -  ϑ̂( )k

¥

+ +} (A1)

APPENDIX B

The method is summarised in Algorithm 1 in which the
function bisearch (f (·) ab) returns the minimum of f (·) in
the interval [ab ] by performing a bisection search. Note that
h (σλ) is convex in λ for a fixed σ, so the bisection search in
Step 4 of Algorithm 1 is well-defined. Since Algorithm 1 only
involves function evaluations, it efficiently solves the prob‐
lem (30).

APPENDIX C

The underlying formulation is developed in [24].
Lemma 2: given a random variable ῶÎRm with closed and

convex support Ξ, the Wasserstein ball ℬε (ℙ̂ξ) is constructed

from sample set {ω̂1ω̂2...ω̂N}. If the loss function l (xῶ) is

upper semi-continuous, the worst-case expectation is as:

ì
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ïï

ï

ï
ïï

sup
ℙÎ P̂N

E
ℙ
{ }l ( )xῶ = inf

λ³ 0sÎRN
λε +

1
N∑k = 1

N

sk

s.t. l ( )x-ω + λ(-ω- ω̂k)£ sk "k £N

l ( )xω̄ - λ(ω̄- ω̂k)£ sk "k £N

l ( )xω̂k £ sk "k £N

(C1)
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