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Optimal Equilibrium Selection of Price-maker
Agents in Performance-based Regulation Market
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Abstract——This paper analyzes the oligopolistic equilibria of
multiple price-maker agents in performance-based regulation
(PBR) markets. In these markets, there are price-maker agents
representing some frequency regulation (FR) providers and a
number of independent price-taker FR providers. A model of
equilibrium problem with equilibrium constraints (EPECs) is
employed in this paper to study the equilibria of a PBR market
in the presence of price-maker agents and price-taker FR pro‐
viders. Due to the incorporation of the FR providers’dynam‐
ics, the proposed model is reformulated as a mixed-integer lin‐
ear programming (MILP) problem over innovative mathemati‐
cal techniques. An optimal equilibrium point is also selected for
the market, where none of the agents is the unique deviator
and the dynamic performance of power system is improved si‐
multaneously. The effectiveness of the proposed optimal equilib‐
rium point is evaluated by comparing the outputs with the con‐
ventional optimal dispatches of the FR providers.

Index Terms——Performance-based regulation (PBR) market,
multi-agent system, equilibrium problem with equilibrium con‐
straint (EPEC), frequency regulation (FR), mixed-integer linear
programming (MILP).
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I. INTRODUCTION

THE concept of smart grid is a paradigm in response to
the sustainability challenges of energy production and

consumption. A smart grid should be perfectly managed in
the presence of fast integration of intermittent renewable en‐
ergy sources (RESs) and inevitable fluctuations in load de‐
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mands. The frequency declination, power system instability,
and blackouts occurred due to the differences between ener‐
gy production and consumption. In such cases, it is vital to
balance the power flow and restore the frequency within the
prescribed limitations at the earliest possible time [1]. In this
regard, a number of systems, sub-systems, and markets are
presented in smart grids to balance the differences of supply
and demand.

In view of an independent system operator (ISO), the fre‐
quency regulation (FR) providers, e. g., energy storages and
electric vehicle aggregators, participate in the automatic gen‐
eration control (AGC) system to keep the demand and sup‐
ply in balance. As a result, the frequency is maintained with‐
in a suitable margin. One of the most significant objectives
of ISOs is the perfect design of the AGC system in order to
optimize the operation of FR providers as well as meeting
the electric grid performance criteria [2]. These objectives
can be achieved by introducing a proper market mechanism
for dispatching the FR providers in the operational time
scales.

The AGC system is one of the effective tools for the ISOs
specifically in high penetration of RESs to keep the frequen‐
cy close to the nominal values, maintain tie-lines at the
scheduled values, and optimize the allocation of AGC dis‐
patch among FR providers [3]. In terms of fairness, ISOs
should discriminate high- and low-quality FR providers. In
other words, high-quality FR providers, who participate
more effectively in the AGC system, shall be remunerated
appropriately based on their provided services. To deal with
this concern, the performance-based regulation (PBR) market
has been established based on Federal Energy Regulatory
Commission (FERC) Order 755 to determine the participa‐
tion factors of FR providers in the AGC system [4].

Before FERC Order 755, the market mechanisms of remu‐
nerations for regulation services were based on reserved ca‐
pacities of the FR providers, i.e., their head-rooms. Howev‐
er, as stated in the issued rule of October 20, 2011, the pay‐
ment mechanisms based on unoccupied capacities are “un‐
just, unreasonable, and unduly discriminatory or preferen‐
tial” [4]. To address this incompetency, the PBR market
mechanism is introduced to manage the FR providers fairly,
where the payments are based on the reserved capacities and
the deployed mileages. Moreover, the mileage parts of FR
providers’ revenues are multiplied by the respected perfor‐
mance scores to reward the FR providers with better quali‐
ties in terms of tracking accuracy or delay of the AGC sig‐
nal [4]. Despite all intuitive superiorities of the PBR markets
compared with the reserve-based capacity markets, the spe‐
cific following points can be indicated:

1) After the implementation of PBR markets, the FR pro‐
viders are motivated to provide a better quality of services.
However, the performances of FR providers depend on their
dynamics, i. e., technological specifications. As long as the
FR providers’ revenues in the PBR markets are uncompeti‐
tive, they are not interested in participating in the market.
Therefore, the price-maker agents are appearing to manage a
number of FR providers to make this market feasible [5].
With the aggregation of price-maker agents, an oligopolistic
equilibrium for the PBR markets is proposed in this paper.

2) By using the PBR market, there is a discrimination be‐
tween the FR providers with different capacities and mileag‐
es/qualities. Due to their technical flexibilities/specifications,
a number of FR providers can give more capacities with less
mileages/qualities. In this paper, they are called fast-ramping
FR providers. Note that the price-maker agents can manipu‐
late their offers and cause an inefficient outcome. In this pa‐
per, an optimal equilibrium point for a PBR market is pro‐
posed, where none of the price-maker agents is the unique
deviator and the dynamic performance of power system is
enhanced simultaneously.

There are few studies about the efficiency of the PBR
markets in the literature. However, these few studies can be
categorized into three areas: ① analyzing the different ISO
rules [6] - [10]; ② studying the FR providers’ performances
[11]-[15]; and ③ addressing the behaviors of price-taker and
price-maker agents in the PBR markets [16]-[19].

Regarding to the first category, a number of ISOs in USA
run the PBR market with different approaches in calculating
the performance scores of FR providers and agents. More‐
over, several ISOs determine a minimum threshold for partic‐
ipation of the FR providers and the agents in the PBR mar‐
ket. In [6], a study has been proposed on the performance
score calculation methods of different ISOs. The effective‐
ness of the PBR market in Pennsylvania, New-Jersey, and
Maryland (PJM) interconnection has been demonstrated in
[7]. The advantages and disadvantages of performance score
calculation methods of California ISO (CAISO) and Mid‐
west ISO (MISO) have been mathematically explained and
compared in [8]. The overview of PBR market implementa‐
tion by MISO has also been explained in [9]. The MISO
market rules have been enhanced in [10] to comply with
FERC Order 755 by designing an optimal market clearing
process and new measurement rules for performance accura‐
cy.

With respect to the second category, one of the main ob‐
jectives of an efficient PBR market mechanism is that the
fast-ramping FR providers, e.g., energy storages, contribute a
large portion of the required regulation services. As energy
storages have better ramping characteristics compared with
the traditional generation units, it has been recommended in
[11] to find an optimal market mechanism to facilitate their
participations in FR. A PBR market mechanism has been ap‐
propriately designed in [12], in which the fast-ramping ener‐
gy storages have a higher priority to be selected in the mar‐
ket. A comparison on the policies of different implementa‐
tions of the PBR markets has been conducted in [13] to ana‐
lyze the impacts of policies on the participations of energy
storages. Despite all advantages of energy storages, to ad‐
dress their high investment costs, another approach has been
developed by obtaining the required ancillary services from
the wind power plants. The dynamic of a wind power plant
with the capability of providing the FR services has been
simulated in [14], where the performance scores and reve‐
nues of a wind power plant in the PBR markets of CAISO
and PJM are evaluated and compared. The performance
scores of a wind farm providing the regulation services have
also been analyzed in [15] from an experimental point of
view.
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In the third category, it is assumed that the fast-ramping
FR providers become price-makers in the PBR markets.
Note that the price-taker FR providers participate in the PBR
markets by offering their marginal operation costs of capaci‐
ty and mileage terms or optimizing their offers using stochas‐
tic/robust optimization methods. In practice, a PBR market
runs with just few price-maker agents providing regulation
services. In [16], an optimization model for an agent coordi‐
nating a number of energy storages has been proposed in a
simultaneous energy and PBR market. In [17], an optimal
bidding strategy of energy storages in the PBR market of
PJM has been proposed by considering the impacts of ener‐
gy storage cycle life on the total profit of price-taker agent.
In [18], the strategic bidding of an agent consisting of a
number of FR providers in the PBR market of CAISO has
been determined using the formulation of mathematical pro‐
gramming with equilibrium constraints (MPECs) and nonlin‐
ear programming technique. Finally, the MPEC problem of a
price-maker agent in the PBR market of CAISO has been
transformed into a mixed-integer linear programming
(MILP) problem in [19] considering the details of PBR mar‐
ket, e.g., FR providers’ dynamics and performance score cal‐
culation method of CAISO.

Our study is categorized in the third category. Due to the
imperfect competition and information asymmetries, there
are gaming opportunities for the FR providers and price-mak‐
er agents to increase their profits by the manipulation of ca‐
pacities and mileage offering prices in the PBR markets. Up
to our knowledge, none of the previous works studies the
equilibrium of the PBR market with more than one price-
maker agent. The oligopolistic equilibrium in a PBR market
is analyzed using the model of equilibrium problem with
equilibrium constraints (EPECs), which is widely studied in
the literature of electricity markets. Due to some restrictions
of FR providers’ dynamics, new challenges should be ad‐
dressed in solving the proposed EPEC model.

The major contributions of this paper are as follows.
1) A stochastic real-time PBR market including a number

of price-maker agents and price-taker FR providers is mod‐
eled based on EPEC formulation.

2) The details of the PBR market such as performance
score calculation method and scenarios of AGC signal in re‐
al ime are considered in the formulations. Compared with
[17], where the bidding strategy of a price-taker energy stor‐
age has been found considering the details of PBR markets
such as performance score calculation methods and scenarios
of AGC signal in real time, the EPEC formulation in this pa‐
per is developed for more than one price-maker agent. More‐
over, the dynamics of FR providers in the AGC system are
modeled.

3) The proposed EPEC formulation for finding the equilib‐
ria has complex nonlinear terms. In this paper, by providing
innovative mathematical techniques, the proposed nonlinear
problem is reformulated as an MILP formulation.

4) Compared with [19], an additional theorem is given in
this paper to linearize the proposed EPEC problem. As a re‐
sult, the linearization technique of this paper has differences
with [19] and leads to less variables/constraints for writing
the EPEC problem. It is worth mentioning that the model of

[19] is an MPEC problem for a single price-maker agent and
its linearization technique cannot be easily extended to multi‐
ple price-maker agents.

5) In the optimal equilibrium of the PBR market, in addi‐
tion to the dynamic performance enhancement of the power
system, none of the price-maker agents has any incentive for
deviation.

The remainder of this paper is organized as follows. A
PBR market model is mathematically formulated in Section
II. The EPEC model is presented in Section III for finding
the equilibria of the PBR market. In addition, to solve the
EPEC model by commercial solvers, the procedure of con‐
verting the proposed EPEC model into an MILP problem is
elaborated in Section III. The proposed optimal equilibrium
is also introduced in Section IV. The performance of the pro‐
posed model is evaluated by simulating on a test system in
Section V. Finally, concluding remarks and future works are
given in Section VI.

II. MATHEMATICAL FORMULATION OF PBR MARKET

Before formulating the problem, it is noteworthy that the
PBR market is elaborated. To ensure the quality and stability
of energy supply, the ISO purchases an ancillary service
called FR. The generation units, consumers, or energy storag‐
es that are willing to provide such service submit their capac‐
ity and mileage offering prices. The PBR market time inter‐
val DtP is equal to the real-time market time interval, e. g.,
900 s (15 min). The regulation capacity is defined as “an un‐
loaded capacity synchronizing with the system and ready to
serve an additional demand” [4]. Moreover, “the absolute
amount of injected or withdrawn energy by an FR provider
in the AGC system” is called regulation mileage [4].

In the real-time operation, the obtained regulation capacity
and mileage schedules are the inputs of the AGC system.
The ISO allocates the AGC dispatch based on the results of
the PBR market in the time resolution of the AGC system,
i.e., DtA= 4 s. Finally, the FR providers receive the rewards
based on their dynamics, their performances, and the real‐
ized AGC scenario.

A. Formulation of PBR Market

In a PBR market, there are a number of price-maker
agents and price-taker FR providers. It is also assumed that
a price-maker agent can monitor and manage the operation
of a number of FR providers. An agent refers to a price-mak‐
er entity who bids for a number of FR providers.

The PBR market problem is formulated in (1)-(5).

min ∑
jÎ J K

( )π C
j r C

j + πM
j r M

j (1)

s.t. ∑
jÎ J K

r C
j ³RC (λC) (2)

∑
jÎ J K

r M
j ³RM (λM) (3)

0£ r C
j £Uj "jÎ J K ;(μC1

j μC2
j ) (4)

r C
j £ r M

j £ σjr
C
j "jÎ J K ;(μM1

j μM2
j ) (5)
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Formula (1) represents the objective function of the PBR
market problem including the sum of the FR providers’ bid‐
ding offers. Constraints (2) and (3) ensure that the market
regulation capacity and mileage requirements are provided.
In addition, constraint (4) enforces the regulation capacity
limitations of the FR providers. Finally, the limitations of
the regulation mileage are enforced for all FR providers
through (5). It is worth mentioning that λC and λM are dual
variables of constraints (2) and (3), respectively. Moreover,
μC1

j , μC2
j , μM1

j , and μM2
j are dual variables of constraints (4) and

(5). Dual variables μC1
j and μM1

j correspond to the minimum
constraints of r C

j and r M
j . Concurrently, dual variables μC2

j and
μM2

j correspond to the maximum constraints of r C
j and r M

j .
Remark 1: the regulation mileage of an FR provider in (5)

is limited by the multiplication of the cleared regulation ca‐
pacity and a mileage multiplier, i. e., σj, which is calculated
based on the previous historical performance of the FR pro‐
vider. Parameter σj is the ratio of the total regulation mile‐
age, which has been actually provided by the FR provider,
and the total procured regulation capacity from the FR pro‐
vider in the same operation time interval over the previous
week/month. By using this parameter, the FR providers’
mileage is not more than its practical capability to follow
the AGC signal.

Remark 2: the other point that should be noted is the dual
variables of constraints, which are presented in (1)-(5), e.g.,
λC and λM. They are shadow prices of these constraints and
indicate the opportunity costs from the provision of the regu‐
lation capacity and mileage. These costs are reflected on the
submitted bids of price-maker agents and price-taker FR pro‐
viders, i. e., π C

j and πM
j . Thus, these shadow prices (λC and

λM) are employed for rewarding the FR providers.
Remark 3: the ISO and agents do not have the detailed

private information of the FR providers. Due to the asymme‐
try of the information, the agents act strategically and do not
reveal their private information in the PBR market to gain
more profits. In this paper, the equilibrium of these price-
maker agents in the PBR market is analyzed.

B. Formulation of Allocation of Instructed AGC Signal

After clearing the PBR market, the instructed AGC signal
is allocated among the FR providers based on their cleared
mileages and capacities as formulated in (6).

sjωt =min

ì

í

î

ïï
ïï

r M
j∑

k Î J K

r M
k

sωtr C
j

ü

ý

þ

ïï
ïï

"jÎ J K"ωÎΩ"tÎ T (6)

The instructed AGC signal to an FR provider for a possi‐
ble scenario of AGC signal, i. e., "ωÎΩ, is based on the
cleared mileage allocation as formulated in the first term of
(6). Moreover, the allocated AGC signal is limited to the
cleared capacity allocation as shown in the second term
of (6).

Assumption 1: for all FR providers, it is presumed that
σj £RM /RC. Note that this assumption is practically correct as
pointed out in [19].

If Assumption 1 holds, (6) can be replaced by (7) for allo‐
cating the instructed AGC signal among the FR providers.
The proof can be found in [19].

sjωt = r M
j sωt /R

M (7)

C. Formulation of System Dynamic of FR Provider

After the allocation of the instructed AGC signal, the FR
providers respond to it based on their dynamics. An FR pro‐
vider can be a governor-turbine, which is often modeled in
the simplest way as a first-order dynamic system that has a
time constant representing the dynamic of its governor and
turbine. Other technologies can also be considered depend‐
ing on the generation technology. Therefore, other dynamic
system models can be employed [20]. The dynamic of an
FR provider with a simple structure is formulated in (8).
This dynamic system has just one time constant. It is in‐
spired from the model presented in [19].

Tj

¶yjωt

¶t
= sjωt - yjωt (8)

By applying the inverse Laplace transform to (8), the actu‐
al response of an FR provider is formulated as (9).

yjωt =∑
τ = 1

t

( )sjωτ - sjωτ - 1 (1- e

- ( )t - τ + 1 DtA

Tj )u (t - τ + 1)+ sjω0e
-

tDtA

Tj (9)

where u(t)= 1"t ³ 0 and u(t)= 0"t < 0.
The actual mileage of an FR provider in a scenario with

the instructed AGC signal for the PBR market interval, e.g.,
15 min, is formulated as (10).

mjω = ∑
t = 1

DtP /DtA

|| yjωt - yjωt - 1 (10)

The actual mileage in (10) is the sum of the upward and
downward absolute movements of the FR providers to fol‐
low the instructed AGC signal.

D. Formulation of Payment to FR Provider

The FR providers are rewarded based on (11).

Rjω = λCr C
j + λMmjωκjω (11)

Remark 4: parameter κjω is used to capture the perfor‐
mance score of FR providers. The mileage should be adjust‐
ed to reflect the actual contribution performance of the FR
providers. The performance score shows how well an FR
provider follows the dispatching commands within the PBR
market time interval. In CAISO, it is calculated by (12).

κjω = 1-
∑

t = 1

DtP /DtA

|| sjωt - yjωt

∑
t = 1

DtP /DtA

|| sjωt

(12)

Theorem 1: if Assumption 1 holds, (11) can be rewritten
as (13).

Rjω = λCr C
j + λMηjωr M

j (13)

The proof of Theorem 1 is given in Appendix A.

E. Problem Definition

As explained, it is pivotal to consider a remuneration
mechanism for the FR providers. As described in the intro‐
duction, the PBR market covers all concerns related to the
remuneration of the FR providers.

In a traditional power system, the ISO has controlled over
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the operation of all system components. Hence, it can man‐
age the components using control and optimization tech‐
niques. However, in the presence of price-maker partici‐
pants, an agent acts autonomously considering its knowledge
about the overall operation of the network as well as the be‐
haviors of other agents over time. Combining this informa‐
tion along with the expectation of an agent about the behav‐
iors of others agents, an agent makes decisions in real time
to maximize its own benefits. The decisions of the agent, in
turn, affect the evolution of the network over time and deter‐
mine its overall performance. Therefore, it is important how
price-maker agents and price-taker FR providers interact. In
the next section, the outputs of this interaction are studied.

III. EQUILIBRIA OF PBR MARKET

The EPEC mathematical model of the game among the
price-maker agents in the PBR market is written in this sec‐
tion. To this end, the optimization problem of a price-maker
agent is given. Then, the MPEC reformulation of problems
of the price-maker agents is presented and the EPEC formu‐
lation for finding the equilibria of the PBR markets is pro‐
posed.

A. Optimization Problem of Price-maker Agent

A price-maker agent solves the optimization problem with
(1) - (5), (14) - (16) to find its optimal offering prices in the
PBR market. An agent includes a certain number of the FR
providers, i.e., jÎΘi.

max∑
jÎΘi

∑
ωÎΩ

vω (Rjω -OC
j r C

j -OM
j mjω) (14)

s.t.
0£ π C

j £ π̄C "jÎΘi (15)

0£ πM
j £ π̄M "jÎΘi (16)

The objective function (14) corresponds to the expected
profit of agent i. Note that the profit of the agent equals to
the difference between the rewards to its FR providers and
their operation costs. Constraints (15) and (16) show that the
offering capacity and mileage prices are positive and limited
in the acceptable ranges, i. e., [0π̄C] and [0π̄M]. The PBR
market problem is also considered in the modeling using (1)-
(5) as a sub-level of the proposed optimization problem.
Note that the FR providers receive their rewards based on
the cleared dual variables of the PBR market, i.e., λC and λM.

B. MPEC Reformulation

To solve the bi-level optimization problem in (14) - (16)
with (1)-(5), sub-level problem in (1)-(5) should be replaced
with the equivalent conditions to obtain the MPEC reformu‐
lation. The PBR market problem, stated in (1)-(5), is convex
and satisfies Slater’s constraint qualification. Hence, the
strong duality holds for this problem and the first-order Ka‐
rush-Kuhn-Tucker (KKT) conditions are both necessary and
sufficient for optimality [21], which are presented in
(17)-(21).

∑
jÎ J K

( )π C
j r C

j + πM
j r M

j + μC2
j Uj - λC RC - λM RM = 0 (βR

i ) (17)

π C
j - λC - μC1

j + μC2
j + μM1

j - σj μ
M2
j = 0 "jÎ J K ;(βC

ij ) (18)

πM
j - λM - μM1

j + μM2
j = 0 "jÎ J K ;(βM

ij ) (19)

λCλMμC1
j μC2

j μM1
j μM2

j ³ 0 "jÎ J ;(β λCi βλMi -β
μC

ij
β̄ μC

ij -β
μM

ij
β̄ μM

ij )

(20)

ì

í

î

ï

ï

ï
ïï
ï

ï

ï
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ïï
ï

∑
jÎ J K

r C
j ³RC (-β

C

i
)

∑
jÎ J K

r M
j ³RM (-β

M

i
)

0£ r C
j £Uj "jÎ J K ;(-β

rC

ij
β̄ rC

ij )

r C
j £ r M

j £ σjr
C
j "jÎ J K ;(-β

rM

ij
β̄ rM

ij )

(21)

These constraints replace (1)-(5) in the optimization prob‐
lem of an agent. In (17) - (21), the corresponding dual vari‐
ables of the constraints are presented. In (17), the strong du‐
ality condition of PBR market is presented instead of com‐
plementarity constraints, as it simplifies the derivation of
EPEC formulation in the next subsection.

C. EPEC Formulation

The EPEC formulation is presented in (17) - (43). The
EPEC is a joint solution of all agents whose equilibria are
analyzed through the solutions associated with the KKT
(strong stationary) conditions of (14)-(16) and (1)-(5) for all
agents [22].

∑
ωÎΩ

vω (OM
j

¶mjω

¶r M
j

-
¶Rjω

¶r M
j
)- -β

M

i
- -β

rM

ij
+ β̄ rM

ij + βR
i π

M
j = 0

"iÎ I"jÎΘi (22)

- -β
M

i
- -β

rM

ij
+ β̄ rM

ij + βR
i π

M
j = 0 "iÎ I"jÏΘi (23)

OC
j - λC - -β

C

i
- -β

rC

ij
+ β̄ rC

ij + -β
rM

ij
- σj β̄

rM
ij + βR

i π
C
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j - -β

πC

j
+ β̄ πC

j = 0 "iÎ I"jÎΘi (27)

-∑
ωÎΩ
∑
jÎΘi

vω mjωκjω - ∑
jÎ J K

βM
ij - βR

i RM - βλMi = 0 "iÎ I (28)

-∑
jÎΘi

r C
j - ∑

jÎ J K

βC
ij - βR

i RC - βλCi = 0 "iÎ I (29)

βC
ij - βM

ij - -β
μM

ij
= 0 "iÎ I"jÎ J K (30)

-σj β
C
ij + βM

ij - β̄ μM
ij = 0 "iÎ I"jÎ J K (31)

-βC
ij - -β

μC

ij
= 0 "iÎ I"jÎ J K (32)

βC
ij + βR

i Uj - β̄ μC
ij = 0 "iÎ I"jÎ J K (33)

{λC β λCi = 0

βλCi ³ 0
"iÎ I (34)

{λM β λMi = 0

βλMi ³ 0
"iÎ I (35)
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{μC1
j -β

μC

ij
= 0

-β
μC

ij
³ 0

"iÎ I"jÎ J K (36)

{μC2
j β̄

μC
ij = 0

β̄ μC
ij ³ 0

"iÎ I"jÎ J K (37)

{μM1
j -β

μM

ij
= 0

-β
μM

ij
³ 0

"iÎ I"jÎ J K (38)

{μM2
j β̄ μM

ij = 0

β̄ μM
ij ³ 0

"iÎ I"jÎ J K (39)

ì

í

î

ï
ï
ï
ï

π C
j -β

πC

j
= 0

π C
j ³ 0

-β
πC

j
³ 0

"jÎΘi (40)

ì

í

î

ïï
ïï

(-π C
j + π̄C)β̄ πC

j = 0

π̄C ³ π C
j

β̄ πC
j ³ 0

"jÎΘi (41)

ì

í

î

ï
ï
ï
ï

πM
j -β

πM

j
= 0

πM
j ³ 0

-β
πM

j
³ 0

"jÎΘi (42)

ì

í

î

ïï
ïï

(-πM
j + π̄M)β̄ πM

j = 0

π̄M ³ πM
j

β̄ πM
j ³ 0

"jÎΘi (43)

Note that the proposed EPEC is nonlinear and highly non-
convex. Hence, the proposed EPEC problem should be refor‐
mulated as an MILP problem.

IV. OPTIMAL EQUILIBRIUM SELECTION

A model of the game among price-maker agents in the
PBR market is presented in Section III. Although the gradi‐
ent-based methods can be employed to analyze the men‐
tioned game equilibria, the proposed formulation has the fol‐
lowing merits compared with the gradient-based methods: ①
the proposed formulation can find the equilibria in one shot,
if it is reformulated as an MILP problem; and ② the conver‐
gence of the gradient-based methods cannot be guaranteed.

As the derived EPEC formulation is nonlinear and cannot
be solved by commercial solvers, the conversion procedure
of the modeling into an MILP problem is presented in this
section. Throughout five mathematical steps, the problem is
reformulated as an MILP problem. However, an appropriate
objective function is introduced firstly to select an optimal
equilibrium among existing equilibria.

A. Optimal Equilibrium

Solving the EPEC problem leads to a number of equilib‐
ria. In this paper, an optimal equilibrium is selected, which
can be calculated by solving (44).

{max∑
ωÎΩ
∑

jÎ J K

vωηjωr M
j

s.t. (22)-(43)
(44)

The objective function in (44) includes the expected sum
of actual mileage multiplied by performance score. Note that
based on Theorem 1, ηjωr M

j is equal to κjωmjω. With this opti‐
mal equilibrium, the high-quality FR providers or fast-ramp‐
ing FR providers have priority to be selected compared with
the low-quality ones.

B. MILP Problem Formulation

The derived EPEC model is nonlinear. To convert it into
an MILP problem, the following steps need to be taken. Af‐
ter this conversion, the problem can be solved by interior
point method (IPM) solvers.

1) The first source of nonlinearities is the multiplication
of πM

j and π C
j for all price-taker FR providers by βR

i in (23)
and (25), respectively. The optimization problem of a price-
maker agent is given in (1)-(5) and (14)-(16). By eliminating
(1)-(5) from the constraints and fixing λC and λM to the pre‐
dicted values, (14) - (16) show the stochastic optimization
problem of a price-taker FR provider. Then, the strategy of
price-taker FR providers would be the respected marginal op‐
eration costs. As a result, variables πM

j and π C
j of price-taker

FR providers should be replaced by the respected marginal
operation costs.

2) Presence of actual mileage in the formulation. Herein,
the payoffs of FR providers are calculated based on the actu‐
al mileage and performance scores, i.e., mjω and κjω. By us‐
ing Theorem 1, mjω can be replaced by ηjωr

M
j /κjω.

3) Strong duality condition replacement. Another source
of nonlinearity is (17), which represents the strong duality
condition. It can be replaced by its equivalent complementar‐
ity constraints in (45) - (50). However, the complementarity
constraints are other sources of nonlinearity which are linear‐
ized in the next step.

(∑
jÎ J K

r C
j -RC) λC = 0 (45)

(∑
jÎ J K

r M
j -RM) λM = 0 (46)

r C
j μ

C1
j = 0 "jÎ J K (47)

(Uj - r C
j )μC2

j = 0 "jÎ J K (48)

(σjr
C
j - r M

j )μM2
j = 0 "jÎ J K (49)

(r M
j - r C

j )μM1
j = 0 "jÎ J K (50)

It is worth remarking that this conversion seems to go
against the statement made before about the computational
advantages of using strong duality constraints. However,
these advantages are obtained when the EPEC formulation is
derived. Note that if the complementarity constraints are
used from the first, the EPEC formulation would have been
much more complicated.

4) Implementation of Big-M method. The complementari‐
ty constraints such as (45) - (50) are linearized using the
equivalent constraints presented in (51).
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(βP ³ 0β £ qMP £(1- q)M) (51)

5) Parameterization. The last source of nonlinearities ex‐
ists due to the multiplication of πM

j and π C
j for all FR provid‐

ers belonging to price-maker agents by dual variable βR
i . By

parameterizing dual variable βR
i , the problem becomes linear.

V. SIMULATION RESULT AND DISCUSSION

A. Basic Data

In this subsection, the performance of proposed method is
evaluated by presenting a case study including 19 FR provid‐
ers and 2 price-maker agents. The detailed information of
agents and FR providers are presented in Table I. As ob‐
served, the first agent includes more fast-ramping FR provid‐
ers with fewer total capacities compared with the second agent.

Herein, the proposed game dispatch is compared with a
benchmark case, which is the optimal dispatch of the FR
providers and agents. In the optimal dispatch, all the agents
and FR providers are considered as price-takers and the dis‐
patch is determined by (1)-(5) when variables πM

j and π C
j of

all individuals and FR providers belonging to the agents are
replaced by the respected marginal operation costs. This
benchmark case has also been presented in [12].

In Figs. 1-5, five scenarios of the instructed AGC signal
are illustrated with similar probability values. These data are
obtained from CAISO database. For these scenarios, the ca‐
pacity and regulation mileage requirements are 100 MW and
350 MW, respectively. The actual response of the FR provid‐
ers in both cases of optimal dispatch and game dispatch are
also illustrated in Figs. 1-5. Obviously, the performance of
the responses of the FR providers is enhanced in the game

dispatch compared with the optimal dispatch for all scenari‐
os of AGC signals. It is due to the fact that the effective
mileages of the FR providers are maximized in the game dis‐
patch.

B. Total Cost and Accuracy of AGC System

In this subsection, the optimal dispatch and the game dis‐
patch are compared in respect to two criteria: the social wel‐
fare and the dynamic performance of the power system. As
observed in Fig. 6, the total cost and market clearing prices
increase in the game dispatch. Note that the oligopolistic be‐
haviors of agents cause this inefficiency of social welfare in‐
dices. However, as observed in Fig. 7, the dynamic perfor‐
mance of power system is improved in regard to the accura‐

TABLE I
DATA OF AGENTS AND FR PROVIDER IN CASE STUDY

Agent

Agent 1

Agent 2

Price-taker
FR provider

Total capacity
(MW)

55.0

80.0

84.5

j

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

OC
j ($/

MW)

8

8

8

5

10

8

4

6

10

11

10

10

11

11

12

12

15

9

9

OM
j ($/

MW)

2

2

2

2

2

2

2

2

2

2

4

4

4

4

2

2

1

6

6

Uj

(MW)

7.50

12.50

15.00

12.50

7.50

12.50

20.00

15.00

20.00

12.50

10.00

10.00

11.25

12.50

17.50

2.50

7.50

8.25

5.00

σj

4

4

2

4

2

5

3

3

3

5

3

4

3

4

5

2

3

4

4

Tj (s)

15.5

9.5

12.0

10.0

13.0

36.3

33.6

42.3

57.0

30.6

10.5

10.7

10.1

15.0

14.3
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7.0

18.0

18.9
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Fig. 3. Instructed AGC signal and response in the third scenario.
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Fig. 4. Instructed AGC signal and response in the fourth scenario.
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Fig. 5. Instructed AGC signal and response in the fifth scenario.
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Fig. 1. Instructed AGC signal and response in the first scenario.
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Fig. 2. Instructed AGC signal and response in the second scenario.
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cy of AGC signal tracking in all scenarios.

It is worth mentioning that the accuracy of AGC signal is
just slightly improved with the proposed game dispatch in
Fig. 7, whereas the total cost is much higher in the proposed
game dispatch than the optimal dispatch in Fig. 6. Therefore,
the effectiveness and necessity of the proposed game dis‐
patch seem unjustified. However, the optimal dispatch can‐
not be proposed for the price-maker agents as the main aim
of this study is a strategy-proof dispatch for the FR provid‐
ers belonging to the price-maker agents. In addition, the in‐
crement of the total cost for the game dispatch is trivial
since the oligopolistic behaviors of the agents cause this inef‐
ficiency. To overcome this challenge and reduce the total
cost (improve social welfare indices in general), a market
mechanism for the price-maker agents should be designed.

C. Dispatch and Profit of FR Provider

The profits of price-maker agents and price-taker FR pro‐
viders in the optimal dispatch and the game dispatch are
shown and compared in Fig. 8. The interesting observation
is that the price-maker agent with less qualities of FR provid‐
ers (agent 2) is worse off in the game dispatch. It means that
in the equilibrium point, the price-maker agent with higher
quality of FR providers (agent 1) gains more payoffs.

VI. CONCLUSION

In this paper, a method based on the EPEC model is pro‐
posed for evaluating the effectiveness of PBR market in the
presence of price-maker agents consisting of a number of
FR providers. An optimal equilibrium point is presented
where the agents do not have any incentive for deviations.
Moreover, the accuracy of actual time response of FR pro‐
viders is enhanced in the proposed equilibrium point. By a
theorem about specifications of the PBR market and through‐
out five steps, the proposed nonlinear model is reformulated
as an MILP problem. Therefore, it can be solved in one
shot. The effectiveness of proposed model is evaluated in
the case study.

Due to the oligopolistic behaviors of price-maker agents,
the profit of the agent that includes more fast-ramping FR
providers has been more than doubled due to the fair remu‐
neration mechanism. In future works, the mechanism of
PBR markets can be modified so that the impacts of price-
maker agents on the social welfare are mitigated. Moreover,
a decentralized algorithm can be considered for price-maker
agents to reach the equilibrium in an environment with the
asymmetry of the information.

APPENDIX A

Using (7), (9) and (12), (A1) and (A2) are concluded.

κjω = 1-

r M
j

RM∑
tÎ T

|| sωt - y͂jωt

r M
j

RM∑
tÎ T

|| sωt
(A1)

y͂jωt =∑
τ = 1

t

( )sωτ - sωτ - 1 (1- e
-
( )t - τ + 1 DtA

Tj )u (t - τ + 1)+ sω0e

-tDtA

Tj (A2)

Moreover, using the definition of mileage in (10), (A3) is
concluded.

mjω =
r M

j

RM ∑
t = 1

DtP /DtA

|| y͂jωt - y͂jωt - 1 (A3)

Thus, using (A2) and (A3), (A4) is concluded.

κjωmjω = ηjωr M
j (A4)
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