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Abstract——Medium-voltage distribution systems (MVDSs) 
mainly consist of a feeder head, lines, distribution transformers, 
and the equivalent load or power supply interfaced with the dis‐
tribution transformers. The information of such load or power 
supply can be measured via the three-wattmeter method (THM) 
and the two-wattmeter method (TWM). The measurements can 
be used to perform the control of the power supply and simu‐
late the characteristics of the load, so the models of the load 
and the power supply need to consider the measurement charac‐
teristics. Existing research works on three-phase power flow 
(PF) just consider the measurement characteristics of THM. 
Hence, the PF equation of the bus measured via TWM is firstly 
built. Based on conventional measurements, an accurate and 
general model of the grounded and ungrounded slack bus is 
proposed. Furthermore, the influence arising from the connec‐
tion type and angle shift of distribution transformers on the ad‐
mittance matrix is considered, and thus a general three-phase 
transformer model is summarized, which is applicable for all 
the transformers mentioned herein. Finally, Newton’s method 
is adopted to solve the PF calculation, and the performance of 
the proposed PF model is demonstrated through designed tests.

Index Terms——Medium-voltage distribution system, three-
phase power flow calculation, measurement characteristic, slack 
bus modeling, distribution transformer.

I. INTRODUCTION

THE medium-voltage distribution system (MVDS) is usu‐
ally treated as an independent unit for power flow (PF) 

calculation and application of line loss management in distri‐
bution automation systems (DASs). The MVDS is mainly 
composed of the feeder head, three-phase three-wire distribu‐
tion lines, distribution transformers, and the equivalent load 
or power supply interfaced with transformers. In this paper, 
the bus with fixed power injections is regarded as the equiva‐
lent load, and the bus with voltage controllers is regarded as 
the equivalent power supply. There are various kinds of in‐
struments used for continuous monitoring. The measuring in‐
struments consist of two kinds of principles: the three-watt‐
meter method (THM) and the two-wattmeter method 
(TWM). The difference between TWM and THM lies in the 
wiring and measurements of the measuring instruments. The 
wiring of the measuring instrument has nothing to do with 
the internal wiring of the load or power supply, but is relat‐
ed to the line configuration connecting the load or power 
supply [1]. For the buses in the three-phase three-wire net‐
work (TTN), the TWM is selected as the measurement meth‐
od. The reason is that the neutral point of the bus would be 
inaccessible. Besides, TWM is effective and low-cost [1]. 
The point of common coupling (PCC) with distributed ener‐
gy resources (DERs) or a large capacity load is mostly mea‐
sured via TWM. TWM obtains power by measuring inter‐
phase variables, i. e., phase-to-phase voltage and line cur‐
rents, rather than the variables in each single phase. The 
THM is selected for the buses in the three-phase four-wire 
network (TFN). Whether the voltage, current, or load is bal‐
anced, both THM and TWM can accurately measure the volt‐
age, current, and corresponding complex power [1]. In 
MVDS, there are six types of connections of two-winding 
transformers: Y/Y, Y/Yn, Y/D, D/Yn, D/Y, and D/D. The bus‐
es on the secondary side of transformers may belong to the 
TFN, and these buses are measured via THM. Online PF cal‐
culation uses measurements and predicted values from mea‐
surements as the input. The data transmitted to the superviso‐
ry control and data acquisition (SCADA) are regarded as 
conventional measurements that mostly consist of two differ‐
ent measuring principles. These measurements should be 
used to build the PF equation of the MVDS in practice.

As an important tool for power systems, the results of PF 
calculation can provide a theoretical foundation for power 
loss, status assessment, and secure operation analysis [2], 
[3]. At present, there are abundant theoretical research works 
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on the three-phase PF model of the asymmetrical system. 
References [4] - [7] study the three-phase PF model for the 
ungrounded MV system. The PF equations of the power sup‐
ply and load in [4] - [7] are built based on the phase-to-
ground voltage magnitude and complex power, which are ob‐
tained by the phasor measurement units and intelligent elec‐
tronic devices. In fact, these measuring instruments are rare‐
ly installed in the distribution systems. For the hybrid TTN 
and TFN distribution systems, the measurement characteris‐
tics of THM and TWM are not considered together in the 
PF models [8] - [11]. The PF equations in the salient work 
[12], [13] are established by the phase-to-neutral complex 
power and voltage magnitude, which conform to the charac‐
teristics of the THM. However, no PF equation in existing 
references regarding the PF model is applicable to the load 
or power supply measured via the TWM. Recent studies 
[14]-[16] propose that a constraint needs to be added to im‐
prove the convergence for the ungrounded bus in the TTN, 
and the constraint is the zero-sequence current equals zero. 
Reference [14] establishes the PF model of the power supply 
based on the total active power measured via TWM and the 
control of three phase-to-phase voltage magnitudes. Howev‐
er, the measurements of TWM and the PF model of the load 
measured via TWM are neglected in [14]. Considering the 
measuring characteristics of THM and TWM in MVDS, im‐
proved PF equations built for buses measured via TWM are 
involved in the proposed PF model.

The feeder head is on the secondary side of the HV/MV 
substation and is generally selected as the slack bus in 
MVDS. A small resistance is used by the neutral point of 
the slack bus for grounding, due to the single-phase ground‐
ing fault when the load and underground cables are in‐
creased. In the current study, the grounding structure is not 
considered in the slack bus model. The three-phase PF analy‐
sis in [17] states that the neutral point should consider its 
voltage when it is grounded through a resistance, and an im‐
proved model is proposed for synchronous machines, genera‐
tors, or motors. However, this model is not suitable for the 
slack bus. Moreover, the slack bus in MVDS is affected by 
the higher-level network and other feeders, and its three-
phase voltage magnitude can not be maintained at 1 p. u.. 
Therefore, the model of the slack bus also needs to consider 
the measurement characteristics.

In addition, the transformer is a particularly important 
component in the PF model. In [18], [19], three independent 
single-phase transformers represent a three-phase transform‐
er, i.e., there is no magnetic coupling among the three phas‐
es. There have also been efforts to take into account the in‐
fluence of interphase coupling. References [20] - [22] make 
use of the phase-sequence conversion relationship to derive 
a three-phase transformer model with interphase coupling. 
Models in [20] and [22] ignore the angle shift relationship. 
The consideration of connection type in [21] introduces com‐
plexity to the angle shift relationship. Therefore, a general 
transformer model that simultaneously considers the inter‐
phase coupling, excitation branches, connection types, and 
angle shift relationship is derived and summarized. Finally, 
the innovations of this paper are described as follows.

1) The improved PF equations are built for the equivalent 
load and equivalent power supply measured via TWM. 
These equations take the zero-sequence current, phase-to-
phase active power, phase-to-phase reactive power, or phase-
to-phase voltage magnitude as the inputs of the PF model to 
reduce the error arising from the measurement modifications.

2) An accurate and general PF model for the slack bus is 
firstly put forward. Besides, a general model of the three-
phase two-winding distribution transformers with six connec‐
tion types in MVDS is established. It is convenient to imple‐
ment the above two improvements in practice, which con‐
form to the structure characteristics of MVDS.

3) The development for the PF model of MVDS is 
achieved. The improved PF equations, the accurate slack bus 
model, and the general model of transformers are all taken 
into account in the proposed model, which fully considers 
the measurement and structure characteristics of MVDS.

II. PF EQUATIONS OF EQUIVALENT POWER SUPPLY AND 
LOAD MEASURED VIA TWM 

The measurements as the input of the PF model are used 
to establish the PF equations of the power supply and load.

The measuring instrument provides the voltage, current, 
and phase difference between voltage and current according 
to different measuring circuits, and the corresponding com‐
plex power is calculated according to the algorithm of the 
measuring instrument [1]. The terminal of the measuring in‐
strument determines the corresponding measuring quantity.

A. Principle of TWM

In the TWM measuring circuits, one phase is assigned as 
the common terminal. Phase c is used as an example to illus‐
trate the principle and derive the PF equations. The corre‐
sponding diagram of measuring circuits for TWM is shown 
in Fig. 1. Let the superscript of the variable represents the 
phase, and the subscript of the variable represents the bus 
number. Suppose that İ βi  (β ∈{a,b}) is the current injection 
phasor, and WTβc is the sensing element in the measuring in‐
strument. So, the measurement principle can be presented as:
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where U̇ β
i  is the phase-to-ground voltage phasor; S͂ Σ

i  is the to‐
tal complex power for three phases; and S͂ βc

i  and U̇ βc
i  are the 

phase-to-phase complex power and phase-to-phase voltage 
phasor, respectively. The measurement principle is indepen‐
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Fig. 1.　Diagram of measuring circuits for TWM.
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dent of the load (or power supply) wiring. The measure‐
ments are taken to perform the controls, and the PF equation 
can be affected by how the measurements are used. In the 
next subsections, the PF equations of power supply and load 
are presented.

B. PF Equations of Power Supply Measured via TWM

The measurements of such an equivalent power supply are 
phase-to-phase active power and phase-to-phase voltage mag‐
nitudes, and the numbers of these two measurements both 
equal 2. The PF equation, adopting the given measurements 
as input, can be expressed as:
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where Bp is the set of phases, Bp ={abc}; U βc
i  and P βc

i  are 
the phase-to-phase voltage magnitude and phase-to-phase ac‐
tive power, respectively; real(×) means acquiring the real 
part; φi is the set of all buses (including bus i) connected to 
bus i; the voltage phasor is presented in a rectangular coordi‐
nate system and its real and imaginary parts are represented 
as e and f, respectively; and Gβt

ik and Bβt
ik are the conductance 

and susceptance corresponding to the admittance, respective‐
ly, which can be obtained from the nodal admittance ma‐
trix Y βt

ik .
Except for the slack bus, the zero-sequence current of bus‐

es in TTN equals zero. This constraint should be considered 
in the PF equation as:
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where B1 represents the set of phases.
The proposed PF equations of the power supply are estab‐

lished based on the constraint that the sum of injection cur‐
rents equals zero in (3). In addition, the phase-to-phase ac‐
tive power and phase-to-phase voltage magnitudes are taken 
as the input of PF calculation in (2).

C. PF Equations of Load Measured via TWM

The measurements of such equivalent load are phase-to-
phase active power and phase-to-phase reactive power, and 
the numbers of these two measurements both equal 2. The 
PF equations, which use the given measurements as input, 
can be expressed as:
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where imag(×) means acquiring the imaginary part; and Qβc
i  is 

the phase-to-phase reactive power.
For the load, the proposed PF equations are established 

based on the constraint that the sum of injection currents 
equals zero in (3). The phase-to-phase active power and 
phase-to-phase reactive power are taken as the input of PF 
calculation in (4).

If phase a or phase b is the common wiring of the meter, 
the proposed PF equations are still applicable, which only re‐
quire a simple transformation of the superscript of (1), (2), 
and (4). When phase a is the common wiring of the meter, 
the superscripts c and a are changed to a and c, respectively, 
and β ∈{b,c}. When phase b is the common wiring of the me‐
ter, the superscripts c and b are changed to b and c, respec‐
tively, and β ∈{a,c}.

III. IMPROVED MODELS OF SLACK BUS AND 
DISTRIBUTION TRANSFORMERS CONSIDERING 

STRUCTURE CHARACTERISTICS 

The power supply radius and load in MVDS increase, so 
the utilization of underground cables also increases. Through 
the resistance, the feeder head needs to be grounded to re‐
duce the occurrence of the single-phase grounding fault. In 
MVDS, there are six types of connection of two-winding 
transformers: Y/Y, Y/Yn, Y/D, D/Yn, D/Y, and D/D. The neu‐
tral point voltage of the equivalent load or power supply on 
the secondary side of D/Yn, Y/Yn type transformers can not 
be ignored.

A. An Accurate and General Model of Slack Bus

The feeder head is generally selected as the slack bus, and 
it is affected by the higher-level network and other feeders. 
Its measurements can predict and characterize the control of 
the slack bus. When the neutral point is grounded through a 
small resistance, its voltage can not be neglected and the 
phase-to-neutral voltage magnitude reflects the control mod‐
el [17]. Furthermore, the voltage measurement of the feeder 
head is in terms of the phase-to-neutral voltage magnitude, 
and the three-phase voltage phasor may be unbalanced. In 
this improved model, the neutral point voltage of the feeder 
head is considered, and the PF equation of voltage magni‐
tudes is expressed as:

(U dn
s )2 = (ed

s - en
s )2 + ( f d

s - f n
s )2    dÎ{abc} (5)

where Us
dn is the phase-to-neutral voltage magnitude; and 

subscript s represents the slack bus. The voltage angle of 
phase a is 0°. The voltage angles of phases b and c are 
-120° and 120°, respectively, which are considered as PF 
equations as (6).
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For the slack bus, the neutral point current equals the in‐
jection currents of three phases. This constraint needs to be 
taken as PF equations and can be expressed as:
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where δ represents the set of phases. The slack bus model in 
[4]-[7] takes the phase-to-ground voltage magnitude and an‐
gle as constants, which is only suitable for the ungrounded 
feeder head. In the improved model, the neutral point volt‐
age and the grounding resistance are set to zeros when the 
neutral point of the slack bus is ungrounded. As a result, the 
neutral point current in (7) is not considered and the phase-
to-neutral voltage magnitude in (5) equals the phase-to-
ground voltage magnitude. For the ungrounded slack bus, 
the improved model is consistent with other models in [4] -
[7] and converts the phase-to-ground voltage phasor of three 
phases from the polar coordinate system to the rectangular 
coordinate system through (5) and (6). For the grounded 
slack bus, the improved model considers the neutral point 
voltage in (5) and the neutral point current in (7), which is 
not considered in other models.

The improved model is accurate and general because it is 
more suitable for the grounded slack bus. Besides, this mod‐
el considers the measurement and structure characteristics.

B. General Model for Six Types of Distribution Transformer

Aiming at the six connection types of transformers in the 
MVDS, the general nodal admittance matrix of distribution 
transformers is presented as:
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where Inode and Unode are the current and voltage vectors at 
bus node i or j; Y1, Y2, Y3, and Y4 are the leakage admittance 
matrices; YNm1 and YNm2 are the excitation admittance matri‐
ces; M is the phase shift matrix; and A1 and A2 are the coeffi‐
cient matrices of bus i and bus j, respectively.

For the bus with D connection type, the fourth rows of 
Inode and Unode are deleted. For the bus with Y connection 
type, the fourth row of Inode and Unode are zeros.
1)　Calculation of Admittance Matrices

The selection rules of Y1, Y4, YNm1, and YNm2 are shown in 
Table I, and the elements in this table are represented as:
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For calculating Y1, Y2, Y3, and Y4, y̑ and y̆ are yl0 and yl1, 
respectively. For calculating YNm1 and YNm2, y̑ and y̆ are ym0 
and ym1, respectively. The calculations of yl0, yl1, ym0, and ym1 

are described in [22]. If one side of the transformer is D or 
Y connection type, Y2 =Y3 =-YD; otherwise Y2 = Y3 =-YI.

2)　Selection Rules of Coefficient Matrices
The coefficient matrix of the bus with D connection type 

is AD; otherwise, it is AY.
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where N = ULN / 3 , and ULN is the rated phase-to-phase volt‐
age magnitude at the bus.
3)　Selection Rules of Coefficient Matrices

Table II provides the selection rules of the phase shift ma‐
trix M. “Connection” means the three phases of the bus on 
the secondary side of the transformer correspond to phases 
a, b, and c of the buses on the primary side of the transform‐
er. “+” and “-” represent that the same magnetic polarity of 
the transformer’s two sides is the same and different, respec‐
tively. If the bus is D connection type, M is directly selected 
according to Table II; otherwise, M is replaced by MY.

TABLE II
SELECTION RULE OF M
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TABLE I
SELECTION RULES OF Y1, Y4, YNm1, AND YNm2

Type of transformer connection
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IV. SOLUTION METHOD FOR PF MODEL OF MVDS 

The PF model can be solved accurately on the premise 
that the topology and parameters of MVDS are known and 
correct, and the proposed model of MVDS is composed of 
the slack bus, distribution lines, distribution transformers, as 
well as the equivalent power supply and load. The PF results 
of the improved PF model can be obtained by means of the 
original Newton’s method [23].

A. Models of Other Components in PF Model

The PF equations of the power supply and load measured 
via TWM are proposed in Section II, and the models of the 
slack bus and distribution transformers are improved in Sec‐
tion III. The models of the remaining components are intro‐
duced as follows: the PF equations of buses measured via 
THM take the phase-to-neutral active power, reactive power, 
and voltage magnitude as the input of the PF model; the PF 
equations of the load and power supply measured via THM 
can be found in [12] and [13]; and the line of MVDS is 
three-phase three-wire and its model can be obtained 
from [24].

B. Formation of Nodal Balance Equation

Equation (12) contains the nodal balance equations of the 
equivalent power supply and load measured via the TWM. 
The deviation of the zero-sequence current at bus i can be di‐
vided into real and imaginary parts, which are represented as 
DI 0

ir and DI 0
im, respectively.
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    βÎ{ab} (12)

The nodal balance equations that are suitable for the 
equivalent power supply and load measured via the THM 
and the corresponding Jacobian matrix can be found in [13].

C. Jacobian Matrices of Proposed Model

The real and imaginary parts of the voltage phasor of all 
buses in a rectangular coordinate system are used as the 
state variables, which are expressed as (13).

x =[eδs    f
δ

s     ed
m    f d

m     eδl     f
δ

l ]    δÎ{abcn}dÎ{abc}(13)

where subscripts m and l represent the bus in the TTN and 
the bus in the TFN, respectively. The voltage angle of phase 
a of the slack bus is set to be 0°, i.e., f a

s = 0. In order to sim‐
plify the derivation of the Jacobian matrices, the state vari‐

ables include en
m and f n

m . After the Jacobian matrices are 
formed, the corresponding column vector of f a

s , en
m, and f n

m  
should be deleted since these state variables are equal to ze‐
ros. The Jacobian matrices for the PF equations measured 
via TWM and the PF equations of the slack bus are derived 
in this paper, which can not be found in the existing re‐
search works.
1)　Jacobian Matrices of PF Equations Measured via TWM

The Jacobian matrix of PF equations measured via TWM 
is represented as:

HTMi =
é

ë
ê
êê
ê ù

û
ú
úú
úHTp (1:21:8) HTq (1:21:8)

HTz (1:21:8) HTu (1:21:8)
(14)

where HTp, HTq, HTz, and HTu are expressed as:
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tÎ{abcn} (15)

where I 0
i  denotes the deviation of the zero-sequence current, 

and it is divided into two parts which can be represented as 
[DI 0

irDI 0
im ]T. And the size of matrices HTp, HTq, HTz, and HTu 

is 2 × 8.
1)　For state variables of bus i itself

HTpi =
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i 0
(16)

where ψ and ζ can be derived as (17) and (18).
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where β1 and β2 belong to β, and β1 ≠ β2.

HTqi =
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where μ and η can be derived as (20) and (21).
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where ρ1 and ρ2 can be determined according to (25).
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2)　For state variables of other bus j except for bus i
The Jacobian matrices for the state variables of the other 

bus j except for bus i are represented as (26)-(29).
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ΗTuj = 02 ´ 8 (29)

2)　Jacobian Matrices of PF Equations of Slack Bus

HSi =[HSiI (1:21:8) HSiθ (1:21:8)] (30)

where HSiI =[¶I n
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i ], In
s is the current phasor of the 

neutral point, and it is divided into two real parts as DI n
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1) For state variables of the slack bus (s) itself
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HSiθs (12)= 1/cos(-120°)

HSiθs (16)=-1/sin(-120°)
HSiθs (23)= 1/cos(120°)
HSiθs (27)=-1/sin(120°)

(33)

where the remaining elements of HSiθ,s are zeros.
2)　For state variables of the other bus except for bus s
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HSiθs (1:21:8)= 02 ´ 8 (36)

D. Effectiveness Analysis of Improved Model

The solvability and effectiveness analysis of the improved 
PF method is described below.

1) For the equivalent power supply measured via TWM, 
there are six real equations in (2) and (3), and six state vari‐
ables at the corresponding bus.

2) For the equivalent load measured via TWM, there are 
six real number equations in (3) and (4), and six state vari‐
ables at the corresponding bus.

3) For the buses (equivalent power supply or load) mea‐
sured via THM, there are eight real equations in [7] and 
eight state variables at the corresponding bus.

4) For the slack bus, there are seven real equations in (5), 
(6), and (7), and seven state variables at the corresponding 
bus.

The number of the above power flow equations for the 
power supply and load is identical to the number of state 
variables that are covered in (13), so the improved PF model 
herein can be solvable in theory, if and only if the topology 
and system parameters are available and correct.

V. RESULTS AND DISCUSSION

A. Effect on PF Results of Transformer Model

The IEEE 4-bus (12.47 kV/4.16 kV) system is a standard 
system, and it is selected especially to verify different trans‐
former models [13]. The structure of this IEEE 4-bus system 
is shown in Fig. 2, and its detailed parameters can be ac‐
cessible in [13]. Three transformer models are used to 
calculate the PF results under symmetrical and asymmetri‐
cal loads.

1) Model I: the shunt branch and the interphase coupling 
are neglected in this transformer model [18].

2) Model II: the interphase coupling is considered but the 
shunt branch and clock number are neglected in this trans‐
former model [20].

3) Model III: the improved model in this paper accounts 
for interphase coupling, excitation branches, connection 
types, and clock number.
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The PF results under symmetrical and asymmetrical loads 
are shown in Table III and IV, respectively. Specifically, 
Models I and II use the matrix M proposed in this paper to 
realize the angle shift conversion which is not considered in 
[18] and [20].

According to the results in the tables, the conclusions are 
drawn below.

In the condition of symmetrical loads, it can be seen that 
the calculation results of Model I are quite different from 
those of Model III. When the load is asymmetric, the differ‐
ence among the three models is more evident. The maxi‐
mum voltage magnitude difference between Model I and 
Model II is 0.312 kV, and the difference in power loss be‐
tween Model I and Model III is 5.5 kW. This phenomenon 
demonstrates that interphase coupling has a significant im‐
pact on power flow calculation and is very critical for power 
loss analysis in practical engineering. Although the voltage 

magnitude difference between Model II and Model III is 
small, the influence of the shunt branches and the connec‐
tion type on PF calculation will become larger with the in‐
crease of load asymmetry. The voltage angle of each bus 
conforms to the corresponding angle shift of the transformer 
type Δ/Yn-1 through the matrix M. The PF results of Model 
III are more accurate compared with the other models since 
the effect of connection type on the nodal admittance matrix 
and interphase coupling are considered in Model III.

B. Performance Test with Different Influencing Factors

1)　Test System
A test system of MVDS is designed based on the IEEE 

34-bus system [25]. Figure 3 is a single-line diagram of the 
modified IEEE 34-bus test system. The test conditions and 
measurements are shown in Appendix A and the parameters 
of the test system is summarized in Table V.

For illustrating the practicality and characteristics of the 
proposed PF model, two methods proposed in this paper and 
two commonly used methods in other references are selected 
for comparison. The model parameters of the four methods 
are shown in Table VI. The input of the PF equation in the 
current research works is not based on the measurement of 
both THM and TWM. When the methods of other references 
are used, the actual measurements of TWM and THM need 
to be modified as (37) and (38), respectively.
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Fig. 3.　Single-line diagram of modified IEEE 34-bus test system.

TABLE IV
PF RESULT UNDER ASYMMETRICAL LOADS

Bus

2

3

4

Power loss (MW)

Phase

a

b

c

a

b

c

a

b

c

Model I

U (kV)

7.109

7.119

7.115

2.290

2.262

2.214

2.157

1.936

1.850

0.4721

θ (°)

-0.30

-120.16

119.55

-33.59

-152.10

85.77

-41.96

-152.91

80.55

Model II

U (kV)

7.125

7.154

7.114

2.264

2.305

2.243

1.996

2.248

1.860

0.4752

θ (°)

-0.02

-120.32

119.59

-33.36

-151.89

86.12

-41.45

-152.72

80.85

Model III

U (kV)

7.125

7.153

7.117

2.244

2.334

2.253

1.944

2.342

1.863

0.4776

θ (°)

-0.10

-120.41

119.61

-33.39

-151.80

86.06

-41.66

-152.61

80.84

3 421

Load
I34I12 Δ/Yg-1

Fig. 2.　Structure of IEEE 4-bus system.

TABLE V
PARAMETERS OF MODIFIED IEEE 34-BUS TEST SYSTEM

Element

Slack bus

Grounding resistance of slack bus

Bus in TFN

Bus in TTN

Blue transformer measured via THM

Red transformer measured via TWM

Equivalent load

Equivalent power supply

Connection buses

System parameter

Bus 1

20 Ω

Buses 29-34

Buses 2-28

D/Yn-1

Structure and loss are ignored

Buses 2, 3, 29-34

Bus 4

Buses 5-28

TABLE III
PF RESULT UNDER SYMMETRICAL LOADS

Bus

2

3

4

Power loss (MW)

Phase

a

b

c

a

b

c

a

b

c

Model I

U (kV)

7.109

7.130

7.127

2.249

2.265

2.253

1.927

2.056

1.978

0.5684

θ (°)

-0.29
120.35
119.60
-34.73
-153.72
86.07

-39.37
-158.62
80.55

Model II

U (kV)

7.110
7.132
7.124
2.250
2.263
2.260
1.920
2.054
1.986

0.5698

θ (°)

-0.21
-120.36
119.56
-33.78
-153.40
86.33

-39.07
-158.31
80.84

Model III

U (kV)

7.112
7.131
7.123
2.252
2.259
2.259
1.923
2.048
1.987

0.5723

θ (°)

-0.17
-120.36
119.59
-33.02
-153.42
86.37

-39.07
-158.31
80.85
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Q̄d
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i

V̄ d
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(38)

where P dn
i  and Qdn

i  are the phase-to-neutral active power and 
reactive power, respectively; and P̄ d

i , Q̄d
i , and V̄ d

i  are the 
phase-to-ground active power, reactive power, and voltage 
magnitude, respectively.

Based on the results obtained by Method I that employs 
the actual measurement as inputs for PF calculation, the 
maximum absolute error and the maximum relative error at 
bus i are defined as (39). In addition, the relative error of 
the power loss (MREpl) can also be calculated by (38), and 
the xd

i  in (39) is replaced by the power loss.
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MAExi =max || xd
i - xd

iMethod I

MRExi =
max || xd

i - xd
iMethod I

xd
iMethod I

´ 100%
(39)

where xd
i  is the voltage magnitude or angle; and xd

i ,Method I is 
the voltage magnitude or angle calculated by Method I, 
x ∈{v,θ}.
2)　Grounding Resistance of Slack Bus

The grounding resistance in MVDS ranges from 0 to 20 
Ω, and the details are shown in Table VII. Rg represents the 
setting of the grounding resistance parameter. Under eight 
settings of Rg, the influence of the modification of the mea‐
surement on the PF result is demonstrated. The PF results of 
Method I are regarded as the benchmark, and the maximum 
absolute error of voltage magnitude (MAEv) at each bus of 
the other three methods are shown in Fig. 4. Furthermore, 
the varying trend of the neutral point voltage (Vn) at the 
grounded bus 1 can be investigated from Fig. 4.

The MAEv of Method II increases along with the growth 
of Rg because this method ignores the Vn at the grounded 
bus 1. As the Rg increases, the Vn of bus 1 increases. The 
maximum of Vn is 0.00012 p.u.. The MAEv of Method III is 
similar to the MAEv of Method IV, and the MAEv of these 
two methods is much bigger than that of Method II. The dif‐
ferent Rg has little influence on the results of Method III and 
Method IV. The MAEv of the last two methods is about 0.01 
which indicates the poor accuracy of PF calculation. This 
phenomenon indicates that the error due to the modification 
of the measurement is greater than the error due to the ne‐
glect of the grounded slack bus model under different 
grounding resistances, but both of them need to be consid‐
ered.
3)　Line Susceptance

The susceptance of the cable is large, which is one of the 
factors affecting the Vn of bus 1. The settings of the suscep‐
tance of lines are shown in Table VII and the Rg is 20 Ω. SL 
represents the setting of the line susceptance parameter. Un‐
der eight settings of SL, the influence of the modification of 
the measurement on the PF result is demonstrated and the 
values of MAEv at each bus of the three methods are shown 
in Fig. 5. Method II uses the same PF equation as Method I, 
so the MAEv of Method II is smaller than that of the other 
methods in Fig. 5. The maximum values of MAEv of the 
three methods are 1.94×104, 1.25×102, 1.29×102, respective‐
ly. Different SL has a marginal influence on the MAEv of the 
Methods II, III, IV. The varying trend of Vn at bus 1 is 
shown in Fig. 5. Under the same Rg, along with the increase 
of SL, the Vn of bus 1 is higher.
4)　Voltage Control of Slack Bus

The voltage control will affect the Vn and the settings of 
voltage magnitude are shown in Table VII. VP represents the 

TABLE VI
MODEL PARAMETERS OF FOUR METHODS

Method

I

II

III

IV

Structure

Hybrid system

Hybrid system

Hybrid system

Three-phase three-wire

TWM PF equation

Actual

Actual

Modified

Modified

THM PF equation

Actual

Actual

Actual

Modified

Slack bus model

Proposed model

[6]

[6]

[6]

Transformer 
model

Model III

Model III

Model III

Fixed loss

Calculation 
algorithm

Newton’s method

Newton’s method

Newton’s method

Newton’s method

Three-phase 
power flow model

This paper

This paper

[10]

[4]

TABLE VII
SETTING OF INFLUENCING FACTORS

Factor

Rg

SL

VP

LR

RE

Setting number

1-8

1-8

1-3

1-8

1-8

Parameter

[0.001, 4, 8, 10, 13, 15, 18, 20]Ω

[0.415, 1, 3, 5, 7, 9, 10, 20]×10-5 S/mile

[1, 1, 1]p.u., [1.01, 1, 1]p.u., [1.01, 0.98, 1]p.u.

[100, 110, 120, 130, 140, 150, 160, 170]%

[40, 80, 100, 130, 150, 170, 200, 220]%
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setting of the voltage control. The influence of the modifica‐
tion of the measurement and the slack bus model is demon‐
strated, and the values of MAEv at each bus of the three 
methods are shown in Fig. 6. Compared with different val‐
ues of Rg and SL, the voltage unbalance of bus 1 has a great‐
er effect on the calculation accuracy of Method III and Meth‐
od IV. Different VP makes the MAEv of the three methods 
change little, and the maximum MAEv are 1.24×104, 1.89×
102, 1.98×102, respectively. The varying trend of Vn at bus 1 
is shown in Fig. 6. Under the same Rg and SL, Vn of bus 1 
increases with the increase of voltage unbalance. Method IV 
does not take into account the measurement characteristics 
and the grounding slack bus model of MVDS, leading to the 
worst result. Thus, it is necessary to consider the measure‐
ment characteristics in the PF equations.

5)　Unsymmetrical Load
Unsymmetrical load is a major feature of MVDS. Eight 

settings of load are used for observing the maximum abso‐
lute error of the three methods relative to Method I. LR rep‐
resents the setting of the load. The parameters of LR in Ta‐
ble VII mean that S ac

2 , S ac
3 , S an

29, S bn
29 , S an

30, and S bn
30  increase 

from 100% of its original load to 170%. The MAEv at each 
bus of the three methods hardly changes with different 
loads, and it is similar to the result under different SL. The 
maximum relative error of voltage angle (MREθ) of the three 
methods are demonstrated in Fig. 7. The values of MREθ of 
Method III and Method IV increase when the load becomes 
more unbalanced, and the maximum values of MREθ of 

these two methods are 17.82% and 23.92%. It can be drawn 
from the results that the more the measurement modification 
is conducted, the more significant MREθ will be.

6)　Line Reactance/Resistance Ratio
The line reactance/resistance ratio of MVDS is usually 

smaller than that of the transmission network. RE represents 
the setting of the line resistance. The parameters of RE in 
Table VII represent the line resistance percentage relative to 
the original value. Under eight settings of RE, the influence 
of the improvements proposed in this paper is demonstrated. 
The ranges of the MAEv of the three methods relative to 
Method I are similar to those of the result under different 
SL. The MREθ at each bus of the three methods and the 
varying trend of Vn at bus 1 of Method I are observed in 
Fig. 8.

Obviously, the smaller the RE is, the larger MREθ of the 
three methods are. The impact of RE on the MREθ of the 
three methods is greater than that of LR. The maximum 
MREθ of Method III is 41.11%. The PF result of Method IV 
is worse as its maximum MREθ is 46.92%. The difference 
between the results of Method III and Method IV illustrates 
that the measurement characteristics of THM and the trans‐
former model can not be simplified, or else it causes an er‐
ror of 5.81% in MREθ.
7)　Security and Economy Analysis

Under different Rg, SL, VP, LR, and RE, the maximum 
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MRE of voltage magnitude (MREv) and MREpl of the three 
methods are shown in Table VIII and Table IX. The voltage 
magnitude error is acceptable within 2% [26]. The maximum 
MREv of Method III is 2.0578 when the line resistance is 
high. The maximum MREv of Method IV exceeds 2% under 
different LR and RE. The results of the methods from other 
references that do not consider the measurement characteris‐
tics can not accurately reflect the voltage quality in the secu‐
rity analysis.

The PF model directly influences the calculation and anal‐
ysis of power loss [27]. According to the PF results, the 
power company takes measures to reduce the loss and find 
the location of abnormal line loss. The maximum MREpl of 
Method III or Method IV is greater than 15% under any of 
these factors, which indicates that these two methods are not 
effective for economy analysis in some situations.
8)　Control Characteristics

The bus 4 is considered an equivalent power supply, and 
its test parameters and control schemes are shown in Table 
X. This part mainly tests whether the model confirms the 
control characteristics. The voltage qualification rate β is the 
ratio of the number of nodes, whose voltage magnitudes are 
between 0.95 p. u. and 1.05 p. u., to the total number of 
nodes. The voltage unbalance degree can be quantified by 
the voltage unbalance coefficient ε which can be formulated 
as (40).

ε =
max{ }||U a

i - Ūi  ||U b
i - Ūi  ||U c

i - Ūi

Ūi

(40)

where Ūi is the average voltage magnitude of the three phas‐
es; and Ui

d is the voltage magnitude, d ∈{a,b,c}.
For the four schemes, the voltage magnitude of each 

phase is shown in Fig. 9, which also shows the voltage un‐
balance coefficient of each bus. The power loss rate, voltage 
qualification rate, and iteration number are shown in Table 
XI. Accordingly, there is a short summary below.

1) Based on scheme B1, scheme B2 decreases the phase-
to-phase voltage magnitude Uac. The voltage magnitudes Ua 
and Uc of the buses in the TTN decrease. In scheme B3, Ua, 
Ub, and Uc of the buses in the TTN decrease. Scheme B4 in‐
creases the phase-to-phase active power Pac and Pbc, which 
results in the increase of Ua of the buses in the TTN. Be‐
sides, Ub of all buses is higher.

2) Compared with scheme B1, the other schemes adjust 
the control strategy of bus 4, and ε of all buses is changed. 
The ε of most buses increases (such as buses 7-27), and the 
voltage unbalance coefficient curves of schemes B2 and B3 
are similar when the voltage magnitude decreases. The pow‐
er loss rate of scheme B2 is increased from 5.09% to 8.11%, 
and the voltage qualification rate is reduced from 100% to 
85.29%. The main reason for the increase in the power loss 
rate is the voltage unbalance. The unbalance degree of 

TABLE X
TEST PARAMETERS AND CONTROL SCHEMES

Test condition

Slack bus

Control scheme B1

Control scheme B2

Control scheme B3

Control scheme B4

Parameter

Ua=Ub=Uc=1.0 p.u.

Uac=Ubc= 3 ´ 0.98 p.u., Pac = 150 kW, Pbc = 150 kW

Uac= 3 ´ 0.95 p.u., others the same as B1

Uac=Ubc= 3 ´ 0.95 p.u., others the same as B1

Pac = 200 kW, Pbc = 180 kW, others the same as B1
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TABLE XI
TEST RESULTS OF FOUR CONTROL SCHEMES

Control scheme

B1

B2

B3

B4

Power loss rate (%)

5.09

8.11

10.18

5.53

ꞵ (%)

100.00

85.29

75.49

100.00

Iteration time

3

3

4

3

TABLE VIII
THE MAXIMUM MRE

V
 IN DIFFERENT CASES

Method

II

III

IV

Rg (%)

0.0121

1.0225

1.3499

SL (%)

0.0200

1.1248

1.2875

VP (%)

0.0127

1.6847

1.9665

LR (%)

0.0345

1.9644

2.2114

RE (%)

0.0423

2.0578

2.4123

TABLE IX
THE MAXIMUM MREpl IN DIFFERENT CASES

Method

II

III

IV

Rg (%)

0.13

19.12

21.09

SL (%)

0.18

25.57

26.02

VP (%)

0.13

34.17

37.89

LR (%)

0.18

15.47

20.21

RE (%)

0.19

25.21

37.91
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scheme B3 becomes higher, and the power loss rate is in‐
creased from 5.09% to 10.18%. Moreover, the number of it‐
erations grows as well.

C. Performance Test with High-dimension Networks

1)　Test System
A test system of MVDS is designed based on the IEEE 

123-bus system [28]. Figure 10 is a single-line diagram of 
the modified IEEE 123-bus test system. The test conditions 
and measurements are shown in Appendix A and a descrip‐
tion of this test system is summarized in Table XII. Since 
the PF model of the step voltage regulators can be found in 
[29], it will not be described in detail in this paper.

2)　Computational Efficiency
For illustrating the computational efficiency of the pro‐

posed PF model, Method III and Method IV which belong 
to commonly used methods in other references are selected 
for comparison. Based on the modified IEEE 123-bus test 
system, three influencing factors SL, LR, and RE are select‐
ed for analysis and four settings (1/3/5/7) of these factors 
are used, which can be found in Table VII in Section V-B.

The maximum MREv of Method III and Method IV under 
the four settings of three influencing factors are shown in Ta‐

ble XIII. It can be seen that the maximum values of MREv 
of Method III and Method IV become larger with the in‐
crease of buses. The maximum increments of the maximum 
MREv of Method III are 1.1%, 2.66%, and 3.21% under the 
factors SL, LR, and RE, respectively. The maximum incre‐
ments of the maximum MREv of Method IV are 1.03%, 
5.2%, and 2.99% under the factors SL, LR, and RE, respec‐
tively. The results show that the methods from other refer‐
ences that do not consider the measurement and structural 
characteristics will introduce greater PF errors with the in‐
crease of system scale.

The convergence iteration times and the simulation time 
of the three methods under the four settings of three factors 
are shown in Table XIV and Table XV. With the increase of 
SL, the difference in the simulation time of the three meth‐
ods is not significant, and the iteration times of the three 
methods both is 3. As the LR increases, the iteration times 
and the simulation time of Method I and Method III in‐
crease. This phenomenon indicates that the load asymmetry 
will affect the iteration times and the simulation time of the 
PF method. When the setting of LR is 5 or 7, Method III 
has more iteration times and simulation time than Method I. 
The reason is that Method III considers the grounding resis‐
tance and neutral point voltage at the secondary side of trans‐
formers, while the reference voltage for MVDS is the virtual 
ground voltage at the slack bus. Under different values of 
LR, the iteration times and the simulation time of Method 
IV have almost no change. Compared with Method III, 
Method IV does not consider the grounding resistance and 
neutral point voltage at the secondary side of transformers. 
Compared with Method I, Method IV does not consider the 
load asymmetry introduced by the load measured via TWM. 
From the results and analysis of Method IV, the load asym‐
metry has little impact on the simulation time and a signifi‐
cant impact on the PF error. As the X/R ratio decreases, the 
iteration times and the simulation time of the three methods 
increase. It is easy to find that the more iteration times, the 
longer the simulation time. Compared with the other two 
methods, Method III is not easy to converge in some cases.

TABLE XIV
ITERATION TIMES FOR FOUR SETTINGS (1/3/5/7) OF DIFFERENT FACTORS

Method

I

III

IV

Iteration times

SL

3/3/3/3

3/3/3/3

3/3/3/3

LR

3/4/4/5

3/4/5/6

3/3/3/3

RE

3/3/3/4

3/3/4/4

3/3/3/4
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Fig. 10.　Single-line diagram of modified IEEE 123-bus test system.

TABLE XII
SYSTEM PARAMETERS OF MODIFIED IEEE 123-BUS TEST SYSTEM

Element

Slack bus

Grounding resistance of slack bus

Bus in TFN

Bus in TTN

Blue short line measured via THM

Red short line measured via TWM

Equivalent load

Equivalent power supply

Connection bus

Step voltage regulator

System parameter

Bus 1

20 Ω

Blue buses

Black buses

D/Yn-1 type transformer

Transformer ignoring loss

Blue buses and buses 2-13

Buses 14, 15

Black buses

Circle with arrows

TABLE XIII
THE MAXIMUM MRE

V
 FOR FOUR SETTINGS (1/3/5/7) OF DIFFERENT 

FACTORS

Method

III

IV

The maximum MRE
V
 (%)

SL

2.21/2.21/2.22/2.22

2.32/2.32/2.32/2.32

LR

2.21/2.26/2.93/4.62

2.32/3.10/5.47/7.41

RE

0.54/1.50/3.46/5.27

0.65/1.59/3.58/5.40
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Under different influencing factors, the difference in the 
simulation time for each iteration of each method lies in the 
modeling of PF components and the number of PF equa‐
tions. The three methods are all solved by Newton’s meth‐
od, so the computational efficiency majorly depends on the 
number of nonlinear equations (i.e., the dimension of the Ja‐
cobian matrix). Assume that the number of buses in the TTN 
is n and the number of buses in the TFN is m. The numbers 
of nonlinear equations in Method I, Method III, and Method 
IV are 7 + 6n + 8m, 6n + 8m, and 6n + 6m, respectively. The 
number of nonlinear equations in Method I is 7 more than 
that in Method III. Compared with the number of nonlinear 
equations for the distribution systems, 7 is small. The num‐
ber of nonlinear equations in Method I is 7 + 2m more than 
that in Method IV. With the increase in the number of buses 
in the TFN, the gap will become significant. In addition, the 
load asymmetry and the X/R ratio of lines will affect the iter‐
ation times and simulation time of the PF model.

From the above discussion, it can be seen that the PF er‐
ror introduced by Method III and Method IV can not be ig‐
nored and will directly affect the operation analysis of 
MVDS. The difference in simulation time between Method I 
and the other two methods is not significant, and Method I 
has a better overall performance.

VI. CONCLUSION 

Existing research works on the three-phase PF model have 
some limitations in that they do not use the measurements or 
the predicted data from SCADA to be the inputs of PF calcu‐
lation. Therefore, most of them can not be widely applied in 
the PF calculation for MVDS in practice. An improved three-
phase PF method is proposed in this paper, which works 
based on the PF equations that are suitable for the measure‐
ments obtained from THM and TWM. Furthermore, not only 
the proposed ungrounded slack bus model but also the gener‐
al model for six types of transformers are incorporated into 
the proposed PF model.

The comprehensive test results indicate that the general 
transformer model is more accurate for the PF calculation, 
and it is feasible for programming. The modified IEEE 34-
bus test system is used to show the applicability of the im‐
proved three-phase PF method. The differences in the results 
of various PF models are analyzed from seven different as‐
pects, including grounding resistance, line susceptance, volt‐
age control, unsymmetrical load, line reactance/resistance ra‐
tio, security and economy analysis, and control characteris‐
tics. Besides, the characteristics of the Vn at the slack bus 
are also demonstrated in some aspects. The results verify 

that the proposed model, which treats the conventional mea‐
surements as inputs, reduces the error with respect to the 
models which use the modified measurements. This im‐
proved model reflects the control characteristics of the 
MVDS and leads to more accurate security and economic 
analysis. The modified IEEE 123-bus test system is used to 
analyze the computational efficiency of the improved meth‐
od. Last but not least, the proposed model is effective to be 
widely used for online PF calculation and works as the basis 
for the optimal power flow.

APPENDIX A 

The load measurements and test conditions of the modified 
IEEE 34-bus test system are shown in Table AI and Table AII, 
respectively. The load measurements and test conditions of the 
modified IEEE 123-bus test system are shown in Table AIII 
and Table AIV, respectively.
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